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Abstract

For all natural number n we deduce binomial convolution sums formulae composed with
Fibonacci numbers and Lucas numbers. Moreover we obtain those of similar convolution sums
without a binomial symbol.
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1 Introduction

Let N be the set of positive integers. We may define the Fibonacci numbers, F,,, by
Fy=0, =1, and, Foio = Fop1 + Fr. (1.1)
Associated with the numbers of Fibonacci are the numbers of Lucas, L,, which we may define by
Lo=2 Li=1, and,  Lniz2 = Lns1+ Ln. (1.2)
Fibonacci numbers and Lucas numbers can also be extended to negative index n satisfying

Fo=(-1)""F, and L.,=(-1)"Ly.
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Let us observe that we may set the Fibonacci and Lucas numbers [1] by

a” —b"
F, = 5 L, = " n, L.
p— a"+b (1.3)
where 1 ]
:5(1+ﬁ), b:i(kﬁ). (1.4)

The very general functions studied by Lucas and generalized by Bell [2], [3], are essentially the F),
and L, defined by (1.3) with a, b being the roots of the quadratic equation z? = Pz — @ so that
a+b= P and ab = Q. In view of this formulation it is easy to show that we also have the generating

function
az bx

=z —e
T p - —° 1.
gn a—>b (1.5)
and

Zx—, — e 4 e (1.6)

The above expansions enables us to deduce very easily some binomial convolution sums formulae
with Fibonacci numbers and Lucas numbers. On the contrary, it is convenient for us to use (1.3)
for getting other kind of convolution sums. Now Eq. (1.4) implies that

atb=1(1+VE)+5(1-VE) =1, (1.7)
a—b=- (1+f)—7(17\/5) V5, (1.8)

ab= = (1+f) ( —V5) = -1, (1.9)
a2:1+a, and b’ =1+0b. (1.10)

The binomial sums for Fibonacci numbers and Lucas numbers are studied by many mathematicians,
for example, we can find [4], [5], and [6].

In this paper we obtain the following type of convolution sums:
" (n " [n
Z (m> mLanf'rm Z <m> mLan—mv

m=0 m=0

and
Theorem 1.1. Let n € N. Then

(a)

n

m=

<n> M2 Loy Ly = 2"72n(n + 1)Ly +n(3n —2),
m
0

<n>m2Lanm = 2”72n(n +1)F, — n27
m

(=}

m=

(:Z) FL O N — 2"72n(n +1)F, + n27

m=

[=}



Kim; ARJOM, 1(1), 1-17, 2016; Article no.ARJOM.27580

n n—2 _
n . o 2" n(n+1) L. — n(3n 2).
o \m 5 5

m=

Moreover, we are interested in

i MmFnLn—m, zn: mFnFnm,
m=0 m=0

etc., and

Theorem 1.2. Let n € N. Then
(a)

Z . - n(n+1)(2n + l)Ln + n(bn + 4) Foir
— 6 5
5
(b)
n 2
2 n n(n+ 1)(10n — 7)
LynFrn—m =——F, Fn7
mZ:om 5ot 30
(c)
n 2
Z mQFanfm = an+l + n(n + 1)(10n + 17) Fn7
P 5 30
(d)
Z W2FFo . — nn+1)(2n+1) L. — n(bn + 4) Foir
P 30 25
2(n+1)
Ty I
2 Binomial Convolution Sums
Lemma 2.1. Let n € N. Then
(a)
anaz _ be2bcv S n xn
EErErEEP S

o0 a:n
2 2
ae®* 4 b = g 2"Lnp1—.
ot n!
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Proof. Since the proofs are similar so we prove only part (a). From (1.5) we note that

aeQaz _ beZba: 7 1 2a62aa: _ Qbesz
a—b ) a—b
_1 d eQa:c_eQb:c
T2 dx a—b
1 1 d (=2 (5 & kpk
3 a_b'dx<2k!(“ -2v)
k=0
:l.ikxk_l o aF — bk
k! a—>b

The following proposition is also already obtained in the literature [4] and [7].

Proposition 2.1. (See [8]) Let n € N. Then
(a)

Z <’::L> L'anfm = 2”-[/71, + 2>

m=0

Theorem 2.2. Letn € N. Then

(a)

3

Il 3
o

S
3 3

>mLanm =" nL, + n,

3

<n>mLanm =" InE, — n,

3
]
o
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n

HANgE

o

iy
3

>mFanm =" InE, + n,

n n—1
n mFan,m:M—ﬁ.
m 5 5
m=0
Proof.  (a) Now we observe that
~(n “~(n
> <m) ML L = <m> (n —m)Ln—mLm
m=0 m=0
and so by Proposition 2.1 (a) we have

u n n _ n
m=0 m=0
n
=—(2"L,+2
2 +2)
2" InL, +n

(b) By (1.5), (1.6), and (1.7) we obtain

oo [N+1 N
N+1 1 T

2 (Z< m )mLmFN“m> Nyl M

oo n n—1
m n!
n=1 \m=1

& k o m—1

k=0 m=1
e — e a (eaz i ebz)
 a-b dz

et _ ebz b

=— (aeaz + be z)

a—1b
_ aeQaz + be(a+b)z _ ae(b+a)z _ besz
N a—1b

ae
a—b

T

2ax _ be2bz

then applying Lemma 2.1 (a) to the above identity we have

N=0 \m=0
o N x x
=2 2P = 2
N=0 N=0
e N
= Z L' (QNFN+1 - 1)
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and
N+1
N+1 1 N
E Lo F) m——=2"F — 1.
m_0< m )m nd'N+1—m N+l N+1

By letting n = N 4 1 we conclude that

n

3 <n>mLan_m —n (2" 'F, —1).
m

m=0
(¢) From Proposition 2.1 (b) and Theorem 2.2 (b) we expand as follows :

Zn: (Z) M EFpy Ly = Zn: <:1> (n —m) Fr—mLm

m=0 m=0

n

=n f: (Z) LinFom — > (Z) ML Fo
m=0

m=0
=n-2"F, — (2"71nFn — n)
=2""'nF, +n.

(d) It is similar to part (a) except for using Proposition 2.1 (c).
(I

Proof of Theorem 1.1.  (a) In a similar manner, by (1.6), (1.7), and (1.10) we can easily know
that

> 2 N +2 1 3;N
5 (35 (T mon - vtmtviscn) e

oo n n—2

=3 ( <">m(m - 1)Lan_m) 2
m n!
n=2 \m=2
e k o m—2
x x

— (Z k!Lk> (Z - m(m — 1)Lm>

(eaac + ebx) . i (eaac + ebx)

X

_ (eaac + eba:) (a26a:t + b2€bx)
_ a262az + er(u+b)z + a2€(b+a)z + b262bz
= (14+a)e®™™ + (14b)e” + (1+a)e” + (1 +be
_ (620,1 +e2bz> + (a62az + be2bz> _’_3617

2bx

which requires Lemma 2.1 (b) thus we have

= (N2 1 zN
Z(Z( m )m<m1)LmLN+2—m)’<N+2)m+1>m

N=0 \m=0
Z ~T (2NLN + 2NLN+1 + 3)
N=0
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Here replacing N + 2 with n we obtain

> (;) m(m — 1)Ly Ly—m =n(n —1) (2" L2 + 2" °L,—1 +3).

m=0

Appealing to Theorem 2.2 (a) and

Ly =1Lp1+ Ln727

<n>m2Lanm
m=0 m

= n(n — 1) (277,72-[/"72 + 2n72Ln71 + 3) + Z (;) MLy Ly—m

m=0

we show that

=n(n—1) (2" ?Lua+2"?Lo1+3) +2" 'nL, +n
=2"n(n—1Ln2+2"*n(n—1)Ln_1 +3n(n—1)
+2" L, +n
=2"?n(n—1)(Ln — Ln_1) + 2" *n(n — 1) L1 +n(3n — 2)
+2" nL.,
=2""n(n+ 1)L, +n(3n — 2).

(b) From (1.5), (1.6), (1.7), and (1.10) we note that

oo N+2 N+2 1 l.N
Z( ( m )m<m”LmFN+M>‘<N+z><N+1>'m

= i ( Y (Z) m(m — l)Lanm> . %}2
= (Z JZ'Fk> (Z x:; m(m — 1)Lm>

T a-b
2 2azx + b2e(a+b)z . a2€(b+a)z o b262bz

a’e
a—>b

(1 + a)e2az _ (1 + b)e2bz a2 _ b2 N

— e
a—b a—>b
€2aw _ 6217:1; N aeQaz‘ _ bewa
= —e
a—b a—2b

T

then using Lemma 2.1 (a) we deduce that
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= (RN +2 1 N
> <Z ( m >m<ml>LmFN+2m> NF(NED N

N=0 \m=0
oo N o) N o N
_ N x N x xT
=D 2PN+ D2 vy - D
N=0 N=0 N=0
=3 (2NFN 42N gy — 1)
N=0
and
N+2
N+2 1
~1)L,.F e ———
mZ_:< m )m(m JomEvaom N N+ T)

= QNFN + QNFNJrl — 1.

Therefore replacing N + 2 with n we get
~ n n—2 n—2
— )Ly Frem = -1 (2" F 2 +2"F,1 — 1
E (m) m(m — 1) n(n—1)( 2+ 1—1)

m=0

and so applying Theorem 2.2 (b) we have

Zn: <:L> 2 Lo Fr
m=0
n— n— n

=n(n—1) (2" *Fr2+2" F1—1) + mZ:O <m> ML Fo—m
=n(n—1) (2" *Foa+2" ?Fo1 — 1) +n (2" 'F, — 1)
=2"2n(n—1)Fn 242" n(n—1)F,_1 + 2" 'nF, —n®
=2""2n(n — 1) (Fn — Foo1) + 2" n(n — 1) Fyey

+oninE, —n?
=2""?n(n+1)F, —n’.

For the last line in the above identity we refer to

Fn: n—1+Fn—2~

(¢) By Proposition 2.1 (b), Theorem 2.2 (b), and Theorem 1.1 (b) we consider:

n n )
mz::o <m>m FonLlp—m

— (n) (n—m)2 Fn_mLm
m=0 m
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n
= n) (n2 —2mn + m2) Ly Frn_m

m

m=0

2 2 n 2 n

= Ly Fr—m —2 mi'n—m

n (m) n Z <m>mL F,

m=0 m=0

Lanfm
2 ()

=n?.2"F, — 2n (2"71nFn — n) + 2"72n(n +1HF, — n?
=2""2n(n+ 1)F, +n’.

(d) It is similar to part (a) except for using Theorem 2.2 (d).
O

3 Convolution sums with Fibonacci Numbers and Lucas
Numbers

Proposition 3.1. (See [8]) Let n € N. Then
(a)

n

Z LmLn—m = (n+ 1)L, +2F,1,
m=0

n
> LnFoem = (n+ D F,
m=0

n

> FuFpm = l(n + 1)L, — 2P,
o 5 5

Theorem 3.1. Let n € N. Then
(a)

Z mLan—m = wlﬂn + nF'rH—ly
m=0

(bn—4)(n+1)

Fn,
10

Z mLanfm = 7%nFn+1 +

m=0

(bn+4)(n+1)

Fn,
10

< 1
Z mFanfm = gnFnA»l +

m=0
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n
n(n+1) n
FooFpm =———"Ly — —Fyt1.
Z m 10 5Tl
m=0
Proof.  (a) Now we easily note that

n

zn: ML Ln—m =Y (n—m)Ln_mLn
m=0

m=0

and so by Proposition 3.1 (a) we have

f_:omLan_m - g zn: Lo Lon—m

m=0
- g ((n Y 1)L+ 2Fn+1)

— @Ln‘FnFrkl—L

(b) By (1.3) we deduce the following convolution sum:

zn: MLy Frm
m=0

n qn—m _ pn—m
— m bm .

n (3.1)

Z a” — a™mp" ™ 4y —
= m -

a—b

m=0

a® — b — - A\ Jr—— b.m
T a-—b mzom_a—bn;)m(g) +a—bm=0m(a) ’

Then by the geometric series we can calculate the second term in the above identity as

n
b" a

10
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b ( ab a"—=b" ab-a a" ="' ab-a® a"?-Dp"?

T a—b\b a—b prtl a—>b pntl a—>b
ab-a"?! 1
o
: 0 2 n—1
= (a_b)b(_a Fn_aanl_a Fn,Q—..._a Fl)

n—1
I
T Tt

similarly the third term becomes

n n—1
a” b 1 ;
)= b'Frs.
a—bzm(a) (a—b)a,Z
m=0 =0
Therefore applying the above results to Eq. (3.1) we obtain

n
Z MLy Fro—m

m=0
a® — b n 1 n—1 1 n—1
=— — 7 Fooi— ——— Foi
a—b m2=0m+(a—b)b;a (a—b)a;b (3.2)
n—1 ] n—1 )
Y a'Foi D by
- F n(n+1) 5 _ =0
" 2 2+0b 2+a
where by (1.9) and (1.10) we use
(a—bb=ab—b"=—-1—(1+b)=-2—0 (3.3)
and
(a—ba=a’>-ba=(14+a)—(-1)=2+a. (3.4)

Now by (1.1), (1.2), and Proposition 3.1 (b) the second and third term of (3.2) are equal to

n—1 n—1
E a’Fn,i E bZani
=0 i=0

240 2+ a
n—1 ] n—1 ]
2+a)) a'Foi+(2+b)) bF.y
=0 =0

(2+0b)(2+a)

n—1

n—1
235 (a 8) B b 3 (a1 45 B
i=0

=0

4+42(a+0b)+ab

11
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n—1 n—1
2 Z LiF,_; + Z Lit1Frne;
_ =0 i=0

5
2 (Z LiFn_;— LnF())
_ __\i=0
5
n+1
> LnFatim — LoFup1 — Lus1 Fo
m=0
5
_ 2(7L + 1)Fn _ (TL + 2)Fn+1 — 2Fn+1
5 5
_2(n =+ I)Fn o nFn+1
5 5
Thus Eq. (3.2) is
Z Lo Fo = n(n + 1)Fn C2n+1)F, nFa
— 2 5 5
1 (50— 4)(n+1)
= —-nk, ——F,.
prim 10

(c¢) From Proposition 3.1 (b) and Theorem 3.1 (b) we can consider

n

zn: MFpLn-m =Y _ (n—m)Fy mLpn
m=0

m=0

=n i L Fr— o — i MLy Frn—m
m=0 m=0

(5n —4)(n+1)
10 F")

n-(n+1)F, — (—énFn_H +

(5n+4)(n+ 1)F
10 "

(d) It is similar to part (a) except for using Proposition 3.1 (c).

1
= gNFn+1 +

Proof of Theorem 1.2. In advance, by (1.9) let us investigate as follows:

im2(%)m

m=0

= T+ PGB+ (G

) o[ e )
+5{(%)3+ +(%)"}+ +(2n - 1)(D)"

Z((E)”ll) Ak (<aZ>"111) LY ((a‘g)"l?l)
b b b

12
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_ab . a™ —b" 43, ab-a . a"t—pnt 45 ab - a> . a”"? —pn2
Tt a—b prtl a—"> prti a—2>
ab-aq™ !
+"'+(2n71)'bnT'1
_ 1 0 2 n—1 (3'5)
- —an (1-a Fo +3aFp 1 +562Fn_o 4+ (20— 1)a F1)
n—1
= bn+1 Z (2i+1)a’Fo
=0
and similarly,
n b 1 n—1 )
> m2(a)m = > @i+ 1) . (3.6)
m=0 i=0
(a) By (1.3), (3.5), and (3.6) we can observe that
> m’LiLn-m
m=0
_ Z + bm) (an—m + bn—m)
m=0
_ Z m2 (an + ambnf'm + bmanfm + bn)
m=o (3.7)

=(a" +b") Zm +anm )" +a" Zm fm

nn+1)2n+1) . 1S ;
:Ln.erb e Z(2z+1)aFn_i

=0

n—1
+a {_a"H E (22+1)b Fn—i}

=0

Then by (1.9), the second and third term in the above equation becomes

n—1 n—1

1=0 1=0
1 - 1 n—1
o . i+1 oL ; i+1 )
=-= ;(21 +Da - — ;(21 + Db E,
n—1

(2i +1) (a“’l n bi“) Fos

o
I
- O

3
|

I
(]

s
I
o

(26 + 1) Liy1 Fni

3

(2(m - 1) + 1) Lan+17'm

3
I

13
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=2 mLnFot1-m— Y LmFap1im

m=1 m=1

n—+1
=2 (Z ML Fs1—m — (0 + 1)Ln+1Fo>

m=0

n+1
- (Z Ly Fny1—m — LoFry1 — Ln+1FO>

m=0

and so appealing to (1.1), (1.2), Proposition 3.1 (b), and Theorem 3.1 (b) we have

n—1 n—1
=0 =0

= Z (20 + 1)Liy1Frs
1=0

1 5 1 2
_ <,n+1 n+2+%ml)

Cﬂ

((” +2)Fnia — 2Fn+1)

(Bn+1)(n+2)
5

2
_g(n+1)(Fn+l+Fn)+ Fn+1_nFn+1

n(5n + 4)

Frp.
5 +

2
fg(nJr 1)Fn +

Therefore applying (3.8) to Eq. (3.7) completes the proof.
(b) Eq. (1.3), (3.3), (3.4), (3.5), and (3.6) implies that

Z > L Fro—m
g Tm _ pn—m
_ a™ bm .
Z m? (@ )
_ 1 i m2 (an o ambnfm + bmanfm o bn)
a—>b =
a” —b" u 2 b" _ 2,A\m a” u 2 b m
a—b mn a—bzm(b) +a—bzm(a)
m=0 m=0 m=0
n—1
n(n+1)(2n+1) b" 1 ) i
=F, - — — 2 1 Fn_;
6 a—b b"“iZ:%(H_ Ja

n—1
a” 1 . i
L T
n—1
_n(n+1)(2n+1) 1 ) i _
— F, + P i:E 0(21 +1Da'F.—;

6

n—1
_ %ab S (2 + D) Fas

a? ‘
=0

(3.8)

14



Kim; ARJOM, 1(1), 1-17, 2016; Article no. ARJOM.27580

n—1
n(n+1)(2n+1) 1 . i
= F, — 2 Da' Fn—;
6 2+b;( i+1a
1 n—1 )
_ wﬂb

— n—1
ZZH— )a'Fpi+ (24b) Y (2 + )b Fys
=0 =0

24+b)(2+a)

n—1
23 2+ 1) (a" + b)) Fns
_n(n+1)(2n+1)F _ g( o )(a " )
B 6 " 5
n—1
S @i+1) (ai“ n bi“) Fos
=0

and so
n—1
2 (2i+1)LiFy s

> Ly, = MG D 2

n—1

Z(Qi + 1)Li+1Fn7¢
1=0

5

Then we refer to (3.8) and for the last step we use (1.1), Proposition 3.1 (b), and Theorem
3.1 (b) to apply as follows:

n—1 n
> 2+ 1)LiFns = (2i+1)LiFns — (2n+ 1)L, F
=0 1=0

(2i +4 1)L¢Fn7¢

Il

-
Il
s ©

Il
2o

iLiFr_i + Z LiFyn_;
—0 i=0

1 (5n—4)(n+1)
2 5nFn+1 + 10 F,

.

+(n+1)F,

Gbn+1)(n+1)
5

2
—gnFn_H + Fn.

(¢) Now we can expand the desired convolution sum as

15
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n

Z mQFanfm = Z (TL - m)2 Fr—mLm
m=0

m=0

=n>Y  LnFom =20y  mLnFnm
m=0 m=0
+ Z m2Lan7m~
m=0
Finally we use Proposition 3.1 (b), Theorem 3.1 (b), and Theorem 1.2 (b).
(d) From (1.3), (1.8), (1.9), (3.5), and (3.6) we easily know that

i M2 F Fr_m
- Z a— b ' a—>

_ 1 Z m2 (an _ ambn—m _ bman—m + bn)

(a_b)2 m=0
a4+ b & D' o~ 2 aim @ 5 b
S St S i S
m=0 m=0 m=0
Lo n(n+1)@2n+1) b { 1 "Zl
_n JR— — T (2Z+1)U/Fn71
5 6 5 b i 1=0
a™ 1 n—1 .
-2 {_WZ(%H)UFM}
1=0
n—1 —
- ”(”+1§é2”+1)Ln+%Z(21+1 0 Fumi+ Z (2i+ Db F,
i=0 1=0
n—1
30 53
n—1

0
_nm+ )@+l 1 i1, it v
- 5 Ln— Z(m 1) (a b ) Fos

3
=0
n—1
_ % L. — é (2 + 1) Lip1 Fos

s
I
<}

so we refer to (3.8).

16
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4

Conclusion

Here we newly make the convolution sums as

and

n n n
2 2 2
g M Ly Ln—m, § m” Ly Fn—m, § m FnLn_m,
m=0 m=0 m=0

i m2FmFrm
m=0

so that we obtain their formulae.
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