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Abstract

A formula expressing an infinite product as an infinite sum is called a product-to-sum identity.
In this paper we try to consider a special product-to-sum as

,’:]8

(1-¢")"(1—g")"(1—q") th{m?, n) +yoa(5) + z05(5) } ¢

n=1

and so for integers r, u, a, b, ¢, x, y, and z we deduce all solutions of (r, u, a, b, ¢, z,y, z) with r > 0.

Keywords: Divisor functions; infinite product sums; product-to-sum.

2010 Mathematics Subject Classification: 11E25, 30B10.

1 Introduction

Let ¢ be a complex variable with |¢| < 1. As in ([1], p. 850), ([2], p. 6), the theta function is defined
by

3 (1.1)

n=-—oo
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Based on Berndt ([2], p. 119-120), it is essential that

o=al)=1- L0 2 mx) = @) (1.2

And Ramanujan gave in his notebook the following formulae proved in ([3], p. 126-129), ([4], p. 44):

M(q) = (1 + 14z + 2°)2*, (1.3)
M(¢®) = (1 —z 4 27)2*, (1.4)
M) =0-z+ 11639 )2t (1.5)
Moreover we note that
_rr (=) and wa? — 160 TT L—4¢"™)°
iV S e ok o)

n ([5] (11), p. 339). It is well-known that Jacobi’s triple product identity ([6], Vol. I, p. 49-239) as

[I0- ) +ag 4 = 3 a'y”

n=1 n=-—o00

for all complex numbers a and ¢ with nonzero a and |g| < 1. Using Jacobi’s triple product identity,
K. S. Williams generalizes the product-to-sum formula states that

Proposition 1.1. (See [5] Theorem 4) Let r, u, a, b, ¢, x, y, and z be integers with r > 0 such
that

oo oo

¢ [Ta-a)0-a""0-g") =u+ Y {aor(m) +yor(5) +200(5)} "

=1 n=1

Then
(Tv u, a, b7 G T, Y, Z) :(07 17 07 07 07 07 O, 0)7 (07 17 _8, 207 _87 87 07 _32)7
(0,1,8,—4,0,-8,48,—64), or (1,0,0,—4,8,1,-3,2).
As usual we define that os(n) is the sum of s-th power of the divisors of n with nonnegative integer s.

In this article we are also interested in the product-to-sum, for example,

e}

H(l_qn)716(1_q2n)40(1_q4n)*16:1+Z{16g3( —3203( ) + 25603 (— }q )

n=1

1-¢"*1—-¢") 1 —¢™ Z{ag ) = 170a(5) + 1603 (] }q,

:]8

n=1

(see Theorem 2.1 and Theorem 2.2), and etc. Inspiration from Proposition 1.1, that is, replacing
o1(n) by o3(n) leads us to obtain the following theorem :
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Theorem 1.1. Letr, u, a, b, ¢, x, y, and z be integers with r > 0 such that

Ellfq 1—¢™ba—q¢™" C—quZ{:vag + yos( 2)+203(g)}qn. (1.7)

Then we have

(r,u,a,b,c,z,y,z) =(0,1,0,0,0,0,0,0), (0,1,—16,40,—16,16, —32,256),
(0,1,16,-8,0,—16,256,0), (1,0,—8,16,0,1,—1,0),
(1,0,8,-8,8,1,-17,16), or (2,0,0,-8,16,0,1,—1).

2 Proof of Theorem 2.1, Theorem 2.2, Theorem 2.3,
and Theorem 2.4

Let g be a complex variable satisfying |¢| < 1. Then the Eisenstein series M(q) is given by

M(q) =1+240 o3(n)q" (2.1)

n ([7], p- 318), ([8], eqn. (25)), ([9], p. 389). )

Remark 2.1. Let us find rational numbers «, 3, and v such that

M(q) + BM(q®) +vM(q") = 2"

y (1.3), (1.4), and (1.5) the above identity can be written as

M (q) + BM(q*) +vM(q")

=a(l+ 14z + 2°)z* + B(1 — x + 2%)2* +fy(1—a:+%a: )z

4

=(a+B+7)2"+(14a— B —~)zz" + (a—l—ﬁ-‘rﬁ’y) x’z?
4
=z,

which shows that

atf+y=1 la-B-vy=0, a+6+167 0
and so
1 2 16

a—f,)a 8= 5’ vy 15"
Thus we conclude that

1 2 2 16 4 4

— - —M —M = 2.2

L M(g) — = M(¢) + M) == (2.2
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From (1.2), (1.6), (2.1), and (2.2) we have

%)
I q) :
oot 1—q )21 —g*n)?

_ H(l PO (L= )1 — gty

n=1

i N 2 2n
= <1+240203(n)q ) 5 <1+24OZU3 )

n=1 n=1

16 - in
+ 1 (1 +240 )~ o3(n)g )

n=1

:1+16§:03( —32203 q2"+256zag "
n=1

n=1

—_

which summarizes that

H(l _ qn)—16(1 _ q2n)40(1 _ q4n)—16
11 (2.3)
=143 {1603(n) — 3205(2) + 25605(2) } "

Finally we are willing to find the similar form as (2.3) and so we deduce Theorem 2.1.

Theorem 2.1. Ifa, b, ¢, z, y, z are integers with (a,b,c) # (0,0,0) such that
H 1—q¢")*(1—¢"™b1 —q¢* —1—|—Z{m03 y0'3(n)+2,’0'3(2)}qn (2.4)
ol 2 4

holds, then

(a,b,c,z,y,2) = (—16,40, 16,16, —32,256) or (16,—8,0,—16,256,0).
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Proof. Using MAPLE, we find that the left hand side of (2.4) is

-1 Lo 3, )V era( Ltz 3,2 4 8
=1 aq+(2a 2(1 b)q +( 6a +2a 3a+ab)q

1 4 33 59 5 7 15 3 1., 3 4
—|—<24a 2% +24a 1% 2ab—|—2ab—|—2b 2b c)q

+ (—Eloaf’ + i(fl — ga?’ + 14—5a2 — ga + éa?’b — ;aQb—i— %ab — %ab2 + ac> q°

+ (%aG — %Gas + %cﬁ — ?—Za?’ + %az —2a — %azlb—i— ga:"b — ;zazb
+4ab + iaQb2 — 2@1)2 — éb3 + ng — %b - %a2c+ %ach bc) ¢°

+ <_W140a7 + $a6 — %as + %cfl — %as + %aQ — %a + Hloa% — ia‘lb
+ %agb — 6a’b+ %ab — 1—12a3b2 + %aQb2 — %alﬁ + éabg’ + %asc — ga%

4
+§ac—abc> q +---

And the right hand side of (2.4) is

1+ i {xag(n) + yO’;g(%) + 203(2)} q"

=1+2q+ 9z +vy) ¢+ 282¢° + (T3x 4+ 9y + 2) ¢* + 1262¢” + (252z + 28y) ¢°
+344mq7+--- .

Equating coefficients of (2.4), we have

p—— (2.5)
1 2 3
Zat—Za—b= 2.
50 ~ 30 b=9z+y, (2.6)
1y 3, 4
_ - Za? - = =2 2.
5% —|—2a 3a—|—ab 8z, (2.7)
1, 335 .59, 7 1, 3 1, 3
519 ~ 19 + 21% ~ 1%~ 3¢ b+ 2ab+ 2b 2b c=T73x+9y+ z, (2.8)
1 5 14 4345 15, 6 14 3, 17 1, B
20 +4a 529 + 79 5a+6a b 50 b+ 6ab 2ab + ac = 126z, (2.9)
1 5 1 5 113 4 55 3 1697 o 1 4 3 3 77 o
g5 = i 2902 90— — 2q3y - L
720% 16" T1aa® T 16% Tae0 ™ 2ot Mg r Tyt
1 3 1 3 4 1 3 (2.10)
4 loo 3.9 13 39 4 1, 3 _
+ ab+4a b 4ab 6b +Zb 3b 2a c+2ac+bc 252x + 28y,
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and

1 Lo 35 5 89 4 20215 92, 8 1.,

— St 3 22 S afh— ca%

~ 5040 +80 144 T " 360 T 7“+120“ 1

49 3 2 1 32 3 272 13 2 1 3 3 2
28y — b — — St o 22 2 ZaPe— 2 2.11
+24ab b+15b B b+4ab 6ab+6ab+6ac 54°¢ (2.11)

+ %ac — abc = 344zx.

Now suppose that a # 0. The case that a = 0 will be treated at the end of the proof. From (2.5)
and (2.7) we obtain

1, 3 80
b= 6% 3¢~ 3 (2.12)
By (2.5), (2.9), and (2.12), we deduce that
1 7 1 13784
= —a*+ L cat 22 2.1
c 180a —|— *+ 2a—|— 15 (2.13)

Applying (2.5), (2.12), and (2.13) to (2.11) we have

1 +i4 6—4a2 11616256
T 2835¢ 135 135 2835

so that

a® — 84a* + 13444 — 11616256 = 0.

The above equation implies that

a(a + 16)(a — 16)(a* + 172a> + 45376) = 0.

Since a* + 172a® + 45376 > 0 for an integer a and here assuming that a # 0, thus the appropriate
a are —16 and 16.
If @ = —16 then by (2.5), (2.12), and (2.13), respectively we obtain

xr =16, b=40, and c= —16. (2.14)
From (2.6) and (2.14) we have

y=—32, (2.15)
also by (2.8), (2.14), and (2.15) we note that z = 256. So we conclude that

(a,b,¢,z,y,2) = (—16,40,—16, 16, —32, 256)

which is also found in Eq. (2.3). In a similar manner, when a = 16 we obtain

(a,b,¢,z,y,2) = (16,—8,0,—16, 256, 0).

To confirm the proof we compare some coefficients in

[ee]

=JJ0 -0 -¢")"0-q")°

n=1
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and
Y:=1+ i {xcrs(n) +yos(=) + ng(ﬁ)} q".
— 2 4

We show two following tables :

Table 1. Coefficients of ¢" in X and Y for n (8 <n < 15) when
(a,b,ec,z,y,z) = (—16,40, —16, 16, —32, 256)

n 8 9 10 11 12 13 14 15
X | 9328 | 12112 | 14112 | 21312 | 31808 | 35168 | 38528 | 56448
Y | 9328 | 12112 | 14112 | 21312 | 31808 | 35168 | 38528 | 56448

Table 2. Coefficients of ¢" in X and Y for n (8 <n < 15) when
(a,b,c,z,y,2z) = (16,—-8,0,—16, 256, 0)

8 9 10 11 12 13 14 15
9328 | —12112 | 14112 | —21312 | 31808 | —35168 | 38528 | —56448
9328 | —12112 | 14112 | —21312 | 31808 | —35168 | 38528 | —56448

s

Next we turn to the case a = 0. Then Eq. (2.4) becomes

oo n N
Ulfq (1—g*" —1+Z{xa3 +y03(2)+z03(4)}q.
Equating the coefficients of ¢ on both sides, we obtain that x = 0 and so

[e'S]

[Ta-ama-q" —1+Z{y03 +z03(z)}q"

1+ Z {yag(n) + zas(g)} <.

n=1

Substituting ¢* with ¢, we have

[Ta-am" - =14+ {yosm) +205(3) } ",

n=1

which implies the above mentioned solution that

(a,b,¢,z,y,2) = (16,—8,0,—16, 256, 0).

Therefore this completes the proof.
O

Remark 2.2. In a similar manner to Remark 2.1 we can find rational numbers «, 8, and ~ satisfying
that

M(q) + BM(¢*) + yM (¢*) = z2*.
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By (1.3), (1.4), and (1.5) the above equation is changed as

M(q) + BM(q*) +¥M(q")

=(a+B+7) 2"+ (14a— B —~)zz* + (a—i—ﬂ—i—%’y) 2
4

=zz",

which leads that

1

167 =0
and so
1 1
@ = ﬁ7 6 - By Y=
Thus we conclude that
1
BM(q) — 1—5M( %) = zz". (2.16)
From (1.2), (1.6), (2.1), and (2.16) we can deduce that
= M(q) ~ +M(q?)
15715
=1xz
2 2
=z2"-xz
= (q) 22
4
R 1— 2n\5 0 4n\8
- H (n 2q ) 4an)2 16qH( qzn)4
Ha=mea—em 1=
=16¢ [J(1—¢")*(1 - ¢*)*

Il
&=
N
—
+
[\o}
g
o
hgE
3
S
Q:
N———
|
&l
ot
VR
—
+
[\~
>~
o
(]2
3
S
)
g
N———

which summarizes that

QH (1—q")*1—g" 622{03( ) —o3( }q. (2.17)

Also we can obtain another similar form as (2.17) and so we consider Theorem 2.2.

Theorem 2.2. Ifa, b, ¢, x, y, z are integers such that

oo

d[J =)= a—gn Z{xag +yos(5) +z03() } ¢" (2.18)

n=1
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holds, then

(a,b,¢,2,9,2) = (—8,16,0,1,—1,0) or (8,—8,8,1,—17,16).
Proof. Using MAPLE, we find that the left hand side of (2.18) is

oo

g [T —a")"1—¢")"1—q")"

:q—aq2+(%Lf—ga—b)q?’—i—(—%as—i—gaQ—%a—i—ab)q‘l
+ (ia4 — Za?’ + %aQ — Zaf %aQbJr gabJr %bQ — gbfc) ¢
+ (—ﬁloas + ia4 ga?’ + 14—5a2 - §a+ 1agb— §a2b—|— Eab— 1ab2 +ac) ¢
+(%“6‘% et T+ g’ 20— e’ Ga’h— i’
—}—4ab—|—ia%2 — %ab2 — %b3+§b2 gb— %azc—i— gac—i—bc) q +---
The right hand side of (2.18) is

9]

Z {xag(n) yag ) + zoa( } q

n=1
=zq+ 9z +y)¢* + 28:13’(]3 + (732 + 9y + 2) ¢* + 1262¢° + (2522 + 28y) ¢°
+ 344" + - -

Equating coeflicients of (2.18), we observe that

1=uz, (2.19)
—a=92+y, (2.20)
1, 3
59 ~ 50 b = 28z, (2.21)
! 3+3a2—éa+ab—73x+9y+z, (2.22)
6 2 3
1 4 33 59, 7 15 3 1., 3 _
51% ~ 1% + 92% ~ 1% 50 b+ 2ab+ 2b 2b ¢ = 126z, (2.23)
1 5 1,4 4345 15, 6 14 3, 17
—— a2 —2a+2d%% -2 “Lab— = =252z + 2 2.24
120 —|—4a 2 1 5a—|—6ab 2ab 5 ab ab + ac = 252z + 28y, (2.24)
and
1 ¢ 1 113 ot 55 o 1697 o2 3 e
—a — — —a - — —a*—2a— —a'b+ 2a®b— —a’b
2% " 6% T T 16¢ T 360 24“ + 24 (2.25)
1 .
+ 4ab + ZaQbZ—%ab2 fbg—i— bz—fb—fa c+3ac+bc—344m
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From (2.19) and (2.21) we have

b= 50 ~ 50 28. (2.26)
By (2.19), (2.23), and (2.26), we obtain
1 4 7T o 1
L4 T o5 1 . 2.2
c 159 +12a +2a+308 (2.27)

Applying (2.19), (2.26), and (2.27) to (2.25) we deduce that

(a+8)(a — 8)(a" + 44a® 4 2880) = 0.

Since a* 4 44a? + 2880 > 0 for an integer a, therefore the possible value of a are —8 and 8.
If a = —8 then by (2.26) and (2.27), we have

b=16 and c=0. (2.28)
From (2.19) and (2.20) we obtain

y=—1, (2.29)
also by (2.19), (2.22), (2.28), and (2.29) we have that z = 0. So we conclude that

(aabv 0713,3/72) = (_8’ 16707 la _170)

which is also found in Eq. (2.17). Similarly, when a = 8 we obtain

(a,b,¢c,z,9,2) = (8,—8,8,1,—17,16).
To ensure the proof we compare some coefficients in

Uw=q[[(—-a")"1—-¢")"1~-¢")

n=1

and
V= i {wag(n) + yag(g) + 203(%)} q".

We list two following tables:

Table 3. Coefficients of ¢" in U and V for n (8 <n < 15) when
(a‘7 b? ¢T,Y, 2) = (_87 16707 17 _17 0)

n 8 9 10 11 12 13 14 15
U | 512 | 757 | 1008 | 1332 | 1792 | 2198 | 2752 | 3528
V| 512 | 757 | 1008 | 1332 | 1792 | 2198 | 2752 | 3528

Table 4. Coefficients of ¢" in U and V for n (8 <n < 15) when
(aa b7 G, Y, Z) = (87 _87 87 17 _17> 16)

8 9 10 11 12 13 14 15
—512 | 757 | —1008 | 1332 | —1792 | 2198 | —2752 | 3528
—512 | 757 | —1008 | 1332 | —1792 | 2198 | —2752 | 3528

<| S| s

10
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O

Remark 2.3. In a similar manner to Remark 2.1 we can find rational numbers «, 3, and 7 such that

aM(q) + BM(¢*) +vyM(q") = 2*z".
By (1.3), (1.4), and (1.5) the above identity is written as

aM(q) + BM(q*) +vM(q")
=(a+B+7) 2"+ (14a— B —~)zz* + (a—!—ﬂ—i—%’y) 2

2. 4
=T z

and so

1
a+pf+v=0, lda—-p—~v=0, oa—i—,B—i—Efy:l

thus we have

16 16
a=0 B=15 1=
Therefore we can show that
16 9 16 4o 2.4
15M(q) 15M(q)—:v z". (2.30)

From (1.6), (2.1), and (2.30) we can deduce that

2 4
M) — zM(d)
2. 4
=T z
_ .Z'Z2)2
{ ] a=ar }
= < 16¢q —~
s (=)t
_ 256q2 H(l _ an)78(1 _ q4n)16
n=1
— E - 2n _ 16 - 4n
= (1+240n§;103(n)q ) 5 <1+240n§::103(n)q >
= 256 Z o3(n)g”" — 256 Z o3(n)g""
n=1 n=1
which summarizes that
) n\— n G n n n
S TIa-a =" =Y {as(5) —oa(D)} ™ (2:31)

n

Il
-

1 n

Lastly we try to obtain another similar form as (2.31) but we can see that (2.31) is the only solution
in Theorem 2.3.

11
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Theorem 2.3. Ifa, b, ¢, x, y, z are integers such that

oo

nl;[llfq (1— ™)1 — g™ Z{mog +y03(g)+203(%)}q" (2.32)

holds, then

(a7 b7 ¢ T,Y, Z) = (07 _87 161 07 17 _1)‘

Proof. Using MAPLE, we find that the left hand side of (2.32) is
¢ [Ja—a) 0 —-¢""0—q")

_ 2 3 1, 3 a (13 3, 4

=q° —aq —|—<2a 5@ blqg + 6a —|—2a 3a+ab
3
4

1 4 3, 99 Q_Z 15 3 3. 6

+(24a +24a 10 50 b+ ab + b b c)

+( 120a +4a 24a + 4a 5a+6ab ab—|— 6ab 2ab +ac)q
1 6 1 o 113 4 55 3 1697 o2 3 o 77 2

+ (720“ 6% T "% Tae0® 24“ bt 30— ga’h

3 1 3 4 1 3
4 1ao2 3.0 1,5 3,5 4 15, 3 8 ...
+ ab—|—4ab 4ab 6b +2b 3b 2a c—|—2ac—|—bc q +

On the other hand the right hand side of (2.32) is

L

{xag( )+y03 )+ zo3 (= }q
1

=xq+ 9z +y) ¢ + 282¢> + (73x + 9y + 2) ¢* + 1262¢° + (2522 + 28y) ¢°
+ 344xq” + (585 + T3y + 92) ¢° +

3
Il

Equating coefficients of (2.32), we obtain that

0=u, (2.33)
1=9z+y, (2.34)
—a = 28z, (2.35)
50~ §a—b: 73x 4+ 9y + z, (2.36)
1 4
a® + 3a2 — 3@ + ab = 126z, (2.37)
6 2
La 843,59, 7 1o, 8. 1o 3 _
520 ~ 7% t 3% — 40~ 3@ b+ 2ab+ 2b 2b ¢ = 252z + 28y, (2.38)

12
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Loy B B 6 Loy By N Lo
150% —|—4a 52% + 14 5a—|—6a b b+ 6 ab ab + ac = 344z, (2.39)
and
1 15 113 4 553 16972 33 ey
—a — — — —la® 20— —a'b+ 2a®h— —a%
720" 16 Tt Tt Tt 360 24a Tt (2.40)
3 .
4 B N (e N 2 =
+ 4ab + ab b 6b —|—2b 3b 50 c—|—2ac—|—bc 585z + 73y + 9z
From (2.33), (2.34), and (2.35) we have
a=0 and y=1. (2.41)
Also by (2.36), (2.38), and (2.40), we obtain
b=-8, c=16, z=—1. (2.42)
To ensure the proof we compare some coefficients in

We=¢"[[(1-q¢")"1-¢")"1-q")
n=1
and

n=1

i {:wa + yag(g) + zoa(%)} q".

We show the following table :

Table 5. Coefficients of ¢"

in W and Z for n (9 <n < 16) when
(av b7 T, Y, Z) = (07 _87 167 07 17 _1)

n |9 10 | 11| 12 | 13| 14 | 15| 16
W 10126 | 0 | 224 | 0 | 344 | 0 | 512
Z | 0]126 | 0 | 224 | 0 | 344 | 0 | 512
O
Theorem 2.4. There are no integers r, a, b, c, x, y, z with r > 3 such that

e}

quI—q (1—¢*™)P (1 —g*™" Z{xag +y03(2)+z03(g)}qn.

(2.43)

13
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Proof. Assume that there exist integers r, a, b, ¢, z, y, and z with » > 3 such that (2.43) is satisfied.
Then we obtain

q H 1—¢")"(1—¢*")" (1 —¢")"

. 1, 3 ) 1 3, 4 5
= 1— P e _ =
(Z{ aq+(2a 59 b)q +< 6a + 59 3a+ab)q

1 4 3 3 59 2 7 2 2 3 4

—|—<24a 4a —1—24(1 4a 2ab+2ab+2b 2b c)q
1 14 43 3 15, 6 1 3 3 5 17

+( 0% T 1% "% t g ~gat ¥ b gabt gab

—%abQ—l—ac) q5+---}

1 1 4
=q —ag" + (fa2 _ 3 b) ¢+ <—6a3 + gaz —gat ab) g e

1 4 34 59, 7 1, 3 1, 3 ia
—|—<24a 4a —1—24(1 4a 2a b+2ab+2b 2b c)q

Lol A3 15 6 g 3, 1T
+( 0% T % T T Y mgatgat-gab+ gab

Z{xag +y03 ) + zo3(— }q

=xq+ 9z +1vy) ¢ + 2831:q3 + (732 + 9y + 2) ¢* +1262¢° + (252z + 28y) ¢° +

which summarizes that

1 1 4
qr _aqr+1 + (§a2 _ %a—b) qr+2 + <_7a3 + 3CL _ 7a+ab) q +3

1 (2.44)

= xq+ (97 +y) ¢ + 282¢° + (73x + Yy + 2) ¢* + 1262¢° + (252z + 28y) ¢° + - - -
If » > 5, then Eq. (2.44) should satisfy that

r=9%24+y=28r=73x+9y+2=0

so that
r=0=y==z.

This shows that the right hand side of (2.43) is equal to zero, which contradicts that the left hand
side of (2.43) has ¢" # 0. Therefore we only consider the cases r = 3 and r = 4.
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If » = 3, then (2.44) becomes

s 4 (1, 3 s (15,3, 4 6
q" —aq —|—<2a 2 blq + 6% +2a 3a—i—abq

3 b+%b2—§b—c) q

1 4 35 59, 7 1.,
+(24“ 1% T Ty gt g 2

1 5 14 435 15, 6 15 3, 17
+( 20" T30 T T T etgrtogabtgab

—%ab2 +ac> e+
= xq+ (97 +y) ¢ + 282¢° + (73x + 9y + 2) ¢* + 1262¢° + (252z + 28y) ¢® + - - -

so that

=0, 9z +y =0, and 28z =1,

which is a contradiction.
If r = 4, then (2.44) can be written as

i s (1. 3 N (15,3, 4 :
q —aq —|—<2a 2% b)q +( 6% +2a 3a+ab>q

4 35 59, 7 1, 3 1, 3 s
“at =S 2a — Lo Sa’h+ Zab+ obP — Sb—
+(24“ Y I S L L &

1 5 1, 434 155, 6 14 3, 17

+( 0% Tat T Tt T petgrt et gl
—%abQ-l-ac)qg—l—”-

= xq+ (97 +y) ¢ + 282¢° + (73z + 9y + 2) ¢* + 1262¢° + (252z + 28y) ¢® + - - -

thus

x=0, 92+y=0, 28¢=0, and 73x+9y+z2=1

which implies that

xr=0, y=0, z=1, —a=0, and Ea—§a—b:0
Then, (2.43) takes the form
- ny\c = n n = n
¢ [JTa—-q")r= ZUS(Z)Q => as(n)g'
n=1 n=1 n=1

and so replacing ¢* by ¢ we deduce that

g [ =" =) os(n)g",

n=1
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which does not occur by Theorem 2.2. Therefore we complete the proof. O
Proof of Theorem 1.1. The case (0,1,0,0,0,0,0,0) is obvious directly by inserting each values

into (1.7). And the other cases is proved easily by Theorem 2.1, Theorem 2.2, Theorem 2.3, ard
Theorem 2.4.

3 Conclusion

We construct a product-to-sum as follows

¢ [Ta=a 0= =a") =u+ " {aoam) + yoa(5) + z0a (D } "

then we find the integers r, u, a, b, ¢, z, y, and z with r > 0.
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