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Abstract

Topological graph theory deals with embedding the graphs in &srfaad the graphs considered gs a
topological spaces. The concept topology extended to the topologiapd gy the Sspace and the
boundary of every vertex and edge. The space ifseSery singleton in the topological space is either
open or closed. Let G be a graph with n vertices and e edgestapal@gy defined on graph is called
topologized graph if it satisfies the following:

» Every singleton is open or closed and
e Forall xe X, |9(x) K 2, whered(x) is the boundary of a point x.

This paper examines some results about the topological appobalce Complete Graph, Path, Circyi
Hamiltonian circuit and Hamiltonian path. And the resulese generalized through this work.
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1 Introduction

Topological approach of the graphs deals with a diffietgpe of geometry. It studies the embedding of
graphs in surfaces, spatial embedding of graphs, and grapbgadsgical spaces. It was developed to the
other invariants such as skewness, thickness, crossing nufobal crossing, coloring and covering
([1,2,3)).

A Hamiltonian path in a graph is a sequence of edges #ieat @ach node precisely once. A Hamiltonian
circuit [4], also called Hamiltonian cycle is a cydtethe graph which visits each node exactly once and
return to the starting node. Through the comparative studyebettihe Euler and Hamiltonian graphs [5] the
idea of Hamiltonian path and Hamiltonian circuits were topologiagiveloped. The concepts of paths and
cycles were topologically developed to the finite and itdigraphs with ends and that were generalized of
finite results and standard notations [6].

In 2005 Antoine Vella [7] tried to express combinatorial cpteean topological language as a part of
investigation the classical topology, topologized graph, phegaecycle, edge spaces, separation axioms

were defined. Given a hypergraph H [8], the classical tapyobr/; U E is the collection of all sets U such
that, if U contains a vertex v, then it also containdglieredges incident with v. It is interesting to ribist

all these topologies are either defined on the vertexset the union of vertex set and edge Aditgraphs

are finite, simple, undirected graphs with no loops, mleltgdges and planar. Every topological space
considered here are finite. And the topology is defined orseéh& which is the union of vertices (V) and
edges (E) of the graph G.

2 Preliminaries

2.1 Definition: [9,10]

A topology on a set X is a collectiarof a subset of X with the following properties:
i. ® and X are irr.
ii. The union of the element of any subcollection &f int (arbitrary union).

iii. The intersection of the element of any finite subcolectfr is int.

The set X for which a topologyhas been specified is called a topological space.
2.2 Definition: [7]

A topologized graph is a topological space X such that

» Every singleton is open or closed.
*  VXE X, |0d(X) K 2, whered(x) is the boundary of a point x.

2.3 Definition: [7]

A hyperedge of a topological space is a point which open huiosed. A hyperedge of a topological space
is an edge if its boundary consists of at most two pofisedge of a topological space is a loop if it has
precisely one boundary point, a proper edge otherwise.

2.4 Definition: [4]

A simple graph in which there exists an edge between @aérpf vertices is called a Complete Graph.
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2.5 Definition: [4]
A Hamiltonian circuit in a connected graph is defined as sedowalk that traverses every vertex of G

exactly one, except of course the starting vertex, at vihehvalk also terminates. If the removal of any one
edge from a Hamiltonian circuit leaves as Hamiltoniath Pa

3 Main Results

Theorem: 3.1. If G is a Complete graphKthen it is not a topologized graph, ferdn
Proof:

Let G be a complete graph, With topology on VU E. Let (X,t) be a topological space.
Proof given by the method of mathematical induction,

For n=1, the graph consists one vertex in the graph) (i.X,| =1, so the boundary of the vertex is zero.
Hence K is a topologized graph.

For n=2, |X|=3 the graph consists two vertices and one &tigeboundary of the two vertices is one and the
boundary of the edge is two. ClearlyiK a topologized graph.

For n=3, |X|=6 the graph has three vertices and three edgedolindary of each vertex is two and the
boundary of each edge is two. So thagisa topologized graph.

For n=4, |X|=10 the graph has four vertices and ten edgesbdihelary of each edge is two but the
boundary of each vertex is three. Clearliknot a topologized graph.

Every singleton is open or closed ipfir n>4. Since the singleton defined in the topology is eitheertex

or an edge of the graph. But a complete graph with n vettti@eslegree n-1 for each vertex. Hence the
boundary of all the vertices and edges of the gragigater than 2. Thus for=n4, K, is not topologized
graph. Hence the proof.

Example: 3.1.1: Let G be a complete graph, K et X={v1,vo,v3, V4, &, b, C, d, e, f} be a topological space
and a topology defined lay= {X, ¢,{ vi},{ v a},{ v 1, V4, c},{ V1, V4}} .Every singleton is open or closed.

a
w1 V1

V4 Vi
C

K,isnot atopologized graph

o(vi)={ vy, V3 ,V4}; sothat we haved( vy) | =3.. O( Vo)={ V1, vz ,v4}; SO that we havej( v,) | = 3.
O( va)={ V1 Vo, Vu}; so that we haved( vs) | =3.  d(Vva)={ V1 Vo, V3}; SO that we haved( vs) | = 3.

o(a)={ v,, w}; so that we haved(a) |=2. o(b)={ v,, v3}; so that we haved(b) |=2.
o(c)={ vs, v4}; so that we haved(c) |=2. o(d)={ vy, v4}; so that we haved(d) |=2.
o(e)={ vi, v3}; so that we haved(e) |=2. o(f)={ v, v4}; so that we haved(f) |=2.
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Here for every »e X, | 9(x) £ 2 is not satisfied. Hence 4 not a topologized graph.

Theorem: 3.2. Show thatk,, is topologized graph.

Proof:

Let G be a graplit,, with topology defined on W E. Let (X,1) be a topological space. The complement of
the complete graph is a null graph, since in complete graqih eertex is adjacent to the other. Hence,
boundary of each vertex is zero. And every singleton iseddut not open. Hence, complement of the

complete graph is topologized. Hence the proof.

Example: 3.2.1: Let G be a graplt;. Let X={ v; ,\» ,v3} be a topological space with topology definedty
={X, &,{ vit{ v2}{ v 1 v}} and every singleton is closed but not open.

V2
.

vi@ L RE]

Topologized graph K;
0(v1) = ¢; so that we haved| vy) |

0( v2) = ¢; so that we haved| v,) |
0( v3) = ¢; so that we haved( vs) |

=0.

=0.

=0.

Clearly for all xeX, | d(x) |< 2. Hence it is a topologized graph.

Theorem: 3.3. If G is circuit G, then it is a topologized graph, forh

Proof:

Let G, be a circuit with topology defined onW E. Let (X,t) be a topological space.

Proof given by the method of induction

For n=1, |X|=2 graph consisting of a single vertex aridglesloop. Clearly is a topologized graph.

For n=2, |X|=4 graph consisting of 2 vertices and 2 edges. El&arkll x X, |0(x) K2 and every {x}e X
is open or closed, since {x} is closed then any poigtX\ {x} is open, the set E of points which are not

closed is open, and its complement V is closed. Sotapologized graph.

For n=3, |X|=6 graph consisting of 3 vertices and 3 edges.lFcE X, |0(x) <2 and every {x}€ X is open
or closed. Hence s a topologized graph.

Continuing this way we may assume that; @& a topologized graph. Now we have to prove thatsG
topologized graph. In a circuit degree of every vertewds so for all xe X, |0(x) €2 and every singleton is
open or closed. So,,@s a topologized graph. Hence every circuit is a toppéafgraph.

Example: 3.3.1: Let G, be a graph with topology defined onlWE. Let X={ v,V,, a, b} be a topological
space with topology defined by= { X, ¢,{ vi},{v2},{ v1, Vo, a},{ vi, Vo}}. Every singleton is open or
closed.
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Topologized graph C,

o(vy) ={ vo}; sothat we haved(vi) | =1  9( o) ={vy}; so that we haved( v,) | = 1.
o(a) ={ v», v1i}; sothatwe haved(a) | =2 d(b) ={ v, vi}; so that we haved(b) | = 2.

Here for every »e X, |9(x) £ 2 . Hence, &lis a topologized graph.

Theorem: 3.4. If G is a path R, then it is a topologized graph, fopri.

Proof:

Let R, be any path with topology defined onlWE. Let (X,t) be a topological space.
Proof given by the method of induction

For n=1, |X|=1 graph consisting of a single vertex. Cyearh topologized graph.

For n=2, |X|=3 graph consisting of 2 vertices and 1 e@early, for all xe X, |6(x) K2 and every
{x} € X'is open or closed since {x} is closed then any poiatXA {x} is open, the set E of points which are
not closed is open, and its complement V is closed.is$otopologized graph.

For n=3, |X|=5 graph consisting of 3 vertices and 2 edges.lIBcE X, |0(x) <2 and every {x}€ X is open
or closed. HencesRs a topologized graph.

Continuing this way we may assume that B a topologized graph. Now we have to prove thaisR
topologized graph. In a path degree of every vertex areekwept the initial and terminal vertices which of
degree one. So for all& X, [0(x) |2 and every singleton is open or closed. SdsR topologized graph.
Hence, every path is a topologized graph. Hence the proof.

Example: 3.4.1: Let P; be a graph with topology defined on ¥ E. Let X= { v, W, V3, a, b} be a
topological space with topology defined by= { X, ¢,{ vi},{ v2},{ V1, V2, a},{ v1 V}} and every singleton
is open or closed.

LF1)

a '\': b W
Topologized graph P,
a(va) ={ vz}, so that we haved(vi) | =1  o(v;) ={vy, va}; S0 that we haved(v,) | = 2.
d( vs) ={v3}; so that we haved( vs) | =1 0(a) ={ v, Wi}; so that we haved(a) | = 2.
a(b) ={ v, v3}; so that we haved(b) | = 2.
Here for every e X, |9(x) [< 2. Hence, Pis a topologized graph.

Theorem: 3.5. A graph G is topologized graph if and only if it is a patla @ircuit.
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Proof: The proof is obvious from the Theorem 3.3 and Theorem 3.4.

Theorem: 3.6. Every Hamiltonian circuit in a complete graph is topolodigeaph.

Proof: Let G be any complete graph with topology defined od ¥. Let (X,t) be a topological space. We
know that G is a topologized graph. So, clearly every Hamiltoniauiirin a complete graph is a

topologized graph. Hence the proof.

Example: 3.6.1: Let G be a complete graph;ith topology defined on W E. Let X = {vi, V5, V3, V4, Vs,
e, &, &, &, & 6, €, &, &, 6o} be atopological space.

Completegraph K5

Some Hamiltonian circuits ing<

(V) Vs €, V2 €10 V3 €9 V4 € V1 €4 Vs (V) V3€ V483V, €/ V5 €4 V1 €3V3
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All the Hamiltonian circuits in this complete graph &g Hence every circuit is topologized graph.
Now, we will show that the Hamiltonian circuit (v} ey v4 €3 V2 €; Vs €4 V1 €3 V3iS a topologized graph.
Let H={ vy ,vo V3 ,V4 V5 & 65,67 ,64 63} be a topological space with topology defined by

t={H, o, { vi{{ vs{{ vi Vs &} vi v3}} and every singleton in this topology is open or closed. Qyethe
singletons are closed but not open. Here for evexyHx | d(x) £ 2. Hence, it is a topologized graph.

Theorem: 3.7. Every Hamiltonian path in a complete graph is topolatjigeaph.

Proof:

Let G be any complete graph with topology defined ol \E. Let X be a topological space. We know
That R, is a topologized graph. So, clearly every Hamiltoniath pa a complete graph is a topologized
graph. Hence the proof.

Corollary: 3.7.1

» Every Hamiltonian circuits / path is a topologized graph.
» Every Hamiltonian circuit in a topologized graph G is topaedigraph. But the converse is not
true. (i.e.) every topologized graph is not a Hamiltoniacuit may be a Hamiltonian path.

Example: 3.7.2: Let G be a complete graph; ith topology defined on W E. Let X = {w, V5, V3, V4, Vs,
ell Ql %v eh %,%l e7l Q3l %v e.I.O} be a t0p0|09|ca| Space

V4

Completegraph K5

Some Hamiltonian circuits ind<

" vi
s
\ \‘\i"‘
Vi es R vie¥ \\\
\ \'. | Vi es e
\ 4 7
\ \ ."' \&
\ \ 410
ed .\, ."fg ,"I
\ \ € -
\ / ./ \,\
v . L2t
v v & \“

(i) Va€s Vs €10 V3 €5 Vs €4 V1 (i) Vae3v1 € Vo €3 V4 85 Vs (i) voe7 Vs €5 V3 & Vs €2 V1
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(V) Vs €, V1 & V4 €3 V2 €10 V3 (V)V1€3V3 8 V85 V5 €/ Vs

All the Hamiltonian paths in this complete graph ageHEnce every path is topologized graph. Now, we
will show that the Hamiltonian path (v) es v, €9 V3 €5 Vs €, V1 iS a topologized graph.

Let H={ v; ,v» V3 V4 ,Vs€4 ,6 ,6 ,€10} be a topological space with topology defined by {H, ¢, {vi},
{ va}, { v1vs eg}, { viv3}} and every singleton in this topology is open or closed.

Clearly the singletons are closed but not open. Here for every,q d(x) [ 2. Hence, it is a topologized
graph.

Example: 3.7.3: Let G be complete graphzKvhich is a topologized graphet X={vi,v,,v3,a,b,c} be a
topological space and a topology definedtby {X, ¢,{a},{b},{ v 1,.a}.{a, b},{vi,a,b}}. Every singleton is
open or closed.

V1 V3

Hamiltonian circuit of K3
Let vi a wbv; ¢ v; be a Hamiltonian circuit in KClearly it is a topologized graph.
Let H = {v1,v»,v3,8,b,c} be a topological space with the topology defined by
T={X, d.{vo}.{Vvsh{vs w}{a bL{v, a, b},{ v3 a, b}{ v3, v,, a, b}}.

Here for every > H, | 8(x) £ 2. Hence it is a topologized graph. Hence a Hamiltoniemuit / path in a
topologized graph are topologized.

Example: 3.7.4: Let G be a complete graph,KLet X={v1,vo,V3, V4, @, b, C, d, e, f} be a topological space
with a topology defined by = {X, ¢,{ vi},{ v 4}, { V1 V4 c},{ V1 V4}} and every singleton is open or closed.
But K, is not a topologized graph.
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V1 w

V4 V3
c

Completegraph K4 Hamiltonian Circuit of K,

Letv; e wbw fv,d v, be aHamiltonian circuit in KClearly it is a topologized graph. Let H ={w5, va,
vy b, d, e, f} be a topological space with the topologfrea byt = {X, ¢,{ vo},{ va}{v 3 o}, {e, b}.{v », €,
b}{ vs, e, b}, { v3, v2, €, b}}.Every singleton is open or closed.

Here for every e H, | d(x) £ 2 is satisfied. Hence, it is a tdpgized graph. So that, every Hamiltonian
circuit and Hamiltonian path in a non - topologized graph istajsologized.

4 Conclusion

In this paper some new results were found about the topetbgiaph through the Complete Graph, Path,
Circuit, Hamiltonian path and Hamiltonian circuit of a quete graph.

Competing I nterests
Authors have declared that no competing interests exist.

References

[1] Dan Archdeacon. Department of Math. & Stat., UniversiftyVermont, Burlington, VT, USA,
Topological graph theory: A surve$996.

[2] Paul Kainen C. Case Western Reserve University. Sonentreesults in topological graph theory.
Available: www.researchgate.net/publication/227323894

[3] Petr Hlineny, Gelasio Salazar. On the crossing humfammst planar graphs.
Available: www.researchgate.net/publication/30508941

[4] Narsingh Deo. Graph Theory with applications to Engineeaiimt Computer Science. Published by
Asoke K. Ghosh, PHI Learning Pvt Ltd., DelbB79.
ISBN: 978 — 81 - 203 -0145-0

[5] Radhika M. A comparative study between Eulerian and HaraloBraphs. International conference
on Recent Issues in Engineering, Science & Technol&pi6 copyright @ IER 2016.; 2016.

[6] Reinhard Diestel, Daniels Kuhn. Topological paths, cyeled spanning trees in infinite graphs
European Journal of Mathematics. 2004;25:835-862.



Vimala and Priyanka; ARJOM, 4(2): 1-10, 2017; Aleicio.ARJOM.33109

[7]1  Antoine Vella. A fundamentally topological perspective gnaph theory. Ph. D., Thesis, Waterloo;
2004.

[8] Berge C. Hypergraphs. Combinatorics of finite sets #5 in North-Holland Mathematical Library,
North Holland Publishing Co., Amsterdam. Translated fronFitemch; 1989.

[9] James Munkres. Topology*2dition published by Pearson Education Limited, Copyr@B013 by
Pearson Education, Inc.; 2013.
ISBN: 978 —93 — 325-4953 -1

[10] George F. Simmons, introduction to topology and modern anaBsidished by Robert E. Krieger
Publishing Company Inc, Malabar, Floria © 1963 by McGraW: Hic; 1963.
ISBN: 0 — 89874 — 551 — 9

© 2017 Vimala and Priyanka; This is an Open Acaesisle distributed under the terms of the Creat@@mmons Attribution License
(http://creativecommons.org/licenses/byj4®@hich permits unrestricted use, distributiondareproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be aceg$ere (Please copy paste the total link in your
browser address bar)

http://sciencedomain.org/review-history/19164

10



