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Abstract 

 
This research paper is an introduction to a new type of analogue named as   -analogue for well-known 

Baskakov Durrmeyer operators. This new type of analogue is considered as reverse order of  -analogue. In 

this paper, we establish the direct approximation theorem, a weighted approximation theorem followed by the 

estimations of the rate of convergence of these new type of operators for functions of polynomial growth on 

the interval      . 
 

 
Keywords: Baskakov Durrmeyer operators; direct approximation theorem; linear positive operators; rate of 

convergence; weighted-approximation. 

 

2020AMS Subject Classification: 41A25, 41A30. 

 

Original Research Article 



 

 
 

 

Garg; J. Adv. Math. Com. Sci., vol. 38, no. 7, pp. 83-88, 2023; Article no.JAMCS.98862 
 

 

 
84 

 

1 Introduction 
 

“In the theory of approximation, the quantum calculus has been studied for a long time. Quantum calculus was 

started by the well-known mathematician Lupas [1] when he firstly proposed q-variant of the Bernstein 

polynomials. T. Kim gave his valuable contribution on q-type of polynomial” [2], [3]. “In the same notions 

higher valued types of results on q-analogue of linear positive operators were obtained by S. Garg. [4], Sharma-

Garg [5], PM Sharma [6] etc”. After that several papers have been dealt with (p, q)-calculus (post-quantum 

calculus), which is an advanced extension of quantum calculus. Mursaleen et al. [7] introduced “the Bernstein 

polynomials using (p, q)-calculus, which was further improved in” [8]. “(p, q)-calculus was further studied by 

the classical work” of Sadjang [9] and Sahai-Yadav [10]. “A lot of work on (p, q)-version of linear positive 

operators” has been published in Acar et al. [11] [12], Aral-Gupta [13], V. Gupta [14], Mursaleen et al. [15] etc. 

Now we define new type of variant, i.e.,  -variant, where       . This variant     can be considered as the 

reverse order of  -variant. First, we give some notations and formulae regarding  -variant as- 

 

     
    

   
                              

 

           

 

   

                                    

 

 
 
 
 
 
 

     

             
                           

 

       
          

      
                                      

 

      
                                  

 

      
                                  

 

         
 
  

    

      
   

   

 

                                    

 

        
      

 

      
                                                    

 

Preposition 1: The relation between   -Beta and   -Gamma functions can be defined as- 

 

          
      

 
      

       
 

 

Preposition 2: The   -integration by parts is defined as- 

 

              

 

 

                                 

 

 

 

 

To approximate Lebesgue integrable function on the interval        Agrawal-Thamar [16] introduced the 

following operators, which is an extension of Srivastava-Gupta operators [17], 
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where           
     

 
 

  

        
. 

 

Now we introduce a new type of variant  -analogue of genuine Baskakov-Durrmeyer operators for        and 

the operators are defined as- 
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It can be noted here, if we put   = 1, we get well known Baskakov Durrmeyer operators (1.1). 

 

2 Auxiliary Results 
 

In this section, we establish some basic results to prove our main theorems. 

 

Lemma 1. For           and        we have  

 

  
                            

       
    

      
    

 

  
        

          

              
   

        

                 
  

 

Lemma 2. For       we have the following explicit formulae for the central moments 
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Remark 1: For      , we may have             
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To find the convergence of the mentioned operators (1.2), we consider      such that         and for 

sufficiently large n,                

 

3 Main Results 
 

 Definition 1: Let          be the class of all functions f defined on some positive real axis and 

satisfying               , where C is a positive constant depending on f. Here          is a subspace of 

the space of all functions      
        for which         

    

    
 is finite. The class    

       is endowed with 

the norm 

 

         
      

      

    
 

 

Theorem 3.1. For      , let       such that         and for sufficiently large n,      then for 

each      
      , we have 
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Proof. To prove this theorem, it is sufficient to show that 

 

         
           

  
                                  (3.2) 

 

For    , we have   
         . Therefore relation (3.1) is true for    . Now, for    , from Lemma 1 

and above definition 

 

    
          

  
    

       

   
          

    
 

   
     

         
      

       

 

    
   

       
   

   
          

  
   

 

Hence (3.1) is also true for    . To check for    , we proceed as 

 

   
            

  
    

       

   
            

    
 

  
            

  
               

      
       

  

    
 

 
          

  
                  

   
       

 

    
 

 
            

  
               

   

      
   

   
            

  
   

 

by using Remark 1. Hence (3.2) is proved for all         and so the theorem. 

 

Definition 2: Let         be the space of all real valued uniformly continuous and bounded function    on the 

interval      . For           the Peetre’s K-functional is defined as 

 

                            
         

 

where     and   
                   

             . By Devore and Lorentz [6], there exists 

an absolute constant     such that 

 

                  
 

where    is the second order modulus of continuity defined by 

 

            
        

   
       

                       

 

and the usual modulus of continuity is given by 

 

           
        

   
       

              

 

Theorem 3.2. Let           and         then there exists a constant     such that 
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where 

  
       

            
  

               
 
          
         

      
          

  
                  

  

 

Proof. Let     
      , then by Taylor’s expansion 

 

                                  

 

 

               

    
                  

                

 

 

    

         
                   

                 

     

   
            

  
               

 
          
         

      
          

  
                  

       

 

From Lemma 1, we can conclude that 

 

  
            

 

therefore, we consider that 

 

   
                 

                       
                 

          

 
 
 
 
  

            
  

               
 
          
         

     

 
          

  
                  

 
 
 
 
 
 

     

 

Taking the infimum on the right-hand side over all     
       and applying the Peetre’s K-functional, we get 

the required result, i.e.  

 

   
             

  
          

       

 

Hence the proof of theorem has been completed. 

  

4 Conclusion 
 

By this paper we have introduced a new type of analogue of linear positive operators. This new study will give a 

new direction in the study of summation integral type operators in approximation theory. These operators also 

can be used for several type of statistical distribution functions and other functions such as Szasz, Beta and 

Baskakov basis functions etc. Researchers can obtain furthermore results with interest.  

 

Data Availability Statement 
 
All data generated or analyzed during this study are included in the current article and its supplementary 

information. 

 

Competing Interests 

 
Author has declared that no competing interests exist. 



 

 
 

 

Garg; J. Adv. Math. Com. Sci., vol. 38, no. 7, pp. 83-88, 2023; Article no.JAMCS.98862 
 

 

 
88 

 

References 
 

[1] Lupas A. A q-analogue of the Bernstein operators. Semin Oncol Numeri. and Stat. Calculus. 1987;9:85-

92. 

 

[2] Kim T. A note on q-Bernstein polynomials. Russ J Math Phys. 2011;18(1):73-82.  

 

[3] Kim T. q-Euler numbers and polynomials associated with p-adic q-integrals. J Nonlinear Math Phys. 

2007;14(1):15-27.  

 

[4] Garg S. On a new sequence of q-Baskakov-Szasz-Stancu operators. Int J Adv Appl Math Mech. 

2014;1(4):74-82. 

 

[5] Sharma PM, S. Garg. On q-Baskakov-Durrmeyer-Stancu operators in approximation theory. J Math Stat. 

2016;2016:760-74. 

 

[6] Sharma PM. Approximation properties of certain q-genuine Szasz operators. Complex Anal Oper Theory. 

2018;12(1):27-36.  

 

[7] Mursaleen M, Ansari KJ, Khan A. Some approximation results by (p, q)-analogue of Bernstein-Stancu 

operators. Appl Math Comput. 2015;264:392-402.  

 

[8] Mursaleen M, Nasiruzzaman M, Khan A, Ansari KJ. Some approximation results on Bleimann-Butzer-

Hahn operators defined by (p, q)-integers. Filomat. 2016;30(3): 639-648. Operators. J. Func. Space, 

Article ID 1035253, 9. Available:http: dx.doi.org/10.1155/2016/1035253. 

 

[9] Sadjang PN. On the Fundamental Theorem of (p, q)-Calculus and Some (p, q)-Taylor Formulas. arXiv: 

1309.3934v1; 2013. Available: Math.QA. 

 

[10] Sahai V, Yadav S. Representations of two parameter quantum algebras and (p, q)- special functions. J 

Math Anal Appl. 2007;335(1):268-79. 

 

[11] Acar A, Aral A, Mohiuddin SA. On Kantorovich modification of (p, q)-BaskakovOperators. J Inequal 

Appl. 2016;98.  

 

[12] Acar T, Mohiuddine SA, Mursaleen M. Approximation by (p, q)-Baskakov-Durrmeyer-Stancu operators. 

Complex Anal Oper Theory. 2018;12(6):1453-68.  

 

[13] Aral A, Gupta V. (p, q)-type Beta functions of second kind. Adv. Oper. Theory. 2016;1(1): 134- 146. 

 

[14] Gupta V. Complex anal. Oper Theor. (p, q)-Szasz Mirakyan-Baskakov operators. 2018;12(1):17-25. 

 

[15] Mursaleen M, Ansari KJ, Khan A. On (p, q)-analogue of Bernstein operators. Appl Math Comput. 

2016;278:70-1).  

 

[16] Agrawal PN, Thamer KJ. Approximation of unbounded functions by a new sequence of linear positive 

operators. J Math Anal Appl. 1998;225(2):660-72.  

 

[17] Srivastava HM, Gupta V. A certain family of summation-integral type operators. Math Comput Modell. 

2003;37(12-13):1307-15.   

_______________________________________________________________________________________ 
© 2023 Garg; This is an Open Access article distributed under the terms of the Creative Commons Attribution License 

(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the 
original work is properly cited. 

 

 Peer-review history: 
The peer review history for this paper can be accessed here (Please copy paste the total link in your 

browser address bar) 

https://www.sdiarticle5.com/review-history/98862 

http://creativecommons.org/licenses/by/3.0

