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Abstract

In this paper the concept of total outer independent monophonic domination number of a graph is
introduced. A monophonic set S € V is said to be total outer independent monophonic domination set if
(S) has no isolated vertex and (V — S) is an independent set.

Keywords: Monophonic set; monophonic number; monophonic dominating set; monophonic domination
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1 Introduction

Let G =(V,E) be a graph and n be the number of vertices and m be the number of edges. Thus the
cardinality of V(G) = m and the cardinality of E(G) = n. we consider a finite undirected graph without loops
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or multiple edges. For the basic graph theoretic notations and terminology we refer to Buckley and Harary
[4][8]. For vertices u and v in a connected graph G, the distance d(u, v) is the length of a shortest u — v path
in G . A u — v path of length d(u, v) is called a u — v geodesic.

The neighbourhood of a vertex v is the set N(v) consisting of all vertices which are adjacent with v. A vertex
v is an extreme vertex if the subgraph induced by its neighbourhood is complete. A vertex v in a connected
graph G is a cut vertex of G, if G — v is disconnected. A vertex v in a connected graph G is said to be a semi-
extreme vertex if A(< N(v) >) = |[N(v)| — 1. A graph G is said to be semi-extreme graph if every vertex of G
is a semi-extreme vertex. An acyclic graph is called a tree [8].

A subset of V(G) is independent if there is no edge between any two vertices of this set. A monophonic set of
G is a set Mc V(G) such that every vertex of G is contained in a monophonic path joining some pair of vertices
in M. The monophonic number m(G) of G is the minimum order of its monophonic sets and any monophonic
set of order m(G) is a minimum monophonic set of G[3]. For a subset D of vertices, we call D a dominating
set if for each x € V(G) — D, x is adjacent to at least one vertex of D . The domination number y(G) of G is
the minimum cardinality of a dominating set of G. A set of vertices M in G is called a monophonic dominating
set if M is both a monophonic set and a dominating set. The minimum cardinality of a monophonic dominating
set of G is its monophonic domination number and is denoted by ¥,,(G). A monophonic dominating set of size
¥m(G) is said to be a ¥, set. A total monophonic domination set of a graph G is a monophonic domination set
M such that the subgraph induced by M has no isolated vertices. The minimum cardinality among all the total
monophonic domination set of G is called the total monophonic domination number and is denoted by

¥, (G)[1.2].
2 Total Outer Independent Monophonic Domination Number of a Graph

Definition 2.1: A monophonic set S C V is said to be total outer independent monophonic dominating set,
abbreviated TOIMDS if it is a monophonic dominating set and (V — S) is an independent set. The minimum
cardinality of a total outer independent monophonic dominating set, denoted by y2% (G) is called the total outer
independent monophonic domination number of G.

Example 2.2: For the graph given in Fig. 2.1, it is clear that M; = {v;, vy} is the monophonic set of G so that
m(G) = 2. It is verified that the set M, = {v, U5, Vo} is the minimum monophonic domination set so that
¥m(G) = 3. Also, the set M5 = {v,,v,, Vs, Vs, V5, Vo} is the total monophonic domination set and $0 ¥, (G) =
6 and the set M, = {vy,v,,v,, Vs, Vg, V7, Vo} is the total outer independent monophonic dominating set of G so
that y24.(G) = 7.
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Fig. 2.1. (Graph of example 2.2)
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Observation 2.3 : For the graph G given in Fig. 2.1, m(G) = 3. Thus the m(G) and y 2, (G) are different.
Observation 2.4[12] : For any connected graph G, ¥,,(G) < y2L(G).

Observation 2.5 : For any connected graph G, ¥,,,:(G) < y2%L(G).

Observation 2.6: For any connected graph G, 2 < m(G) < y,(G) < y24(G) .

Observation 2.7 : For any complete graph K, (n = 2), y2L(K,) = n.

Observation 2.8: Each support vertex of a connected graph G belongs to every total outer independent
monophonic domination set of G.

3 Main Results

Corollary 3.1 For any graph G, we have 2 < y2, < n.

Yn

G
Fig. 2.2. (Graph of corollary 3.1)

From the Fig. 2.2 it is obvious that m(G) = 4,¥,,(G) = 5,y = 7.

Theorem 3.2 For any connected graph G, y24(G) = n, if and only if G = mK,, when 2m = n.

Proof. We have yo,(mK,) = m.y5;(K,) =m.2 = n. Now for some graph G, we have y2,(G) = n. Let K be
any connected component of G. The graph G has no isolated vertices, thus |V (K)| = 2. If [V (K)| = 3, then x,
some vertex of K is not a support vertex. Therefore y,;(G) < n —1 < n, a contradiction. Hence K = K, and
so G = mK,.

Observation 3.3 For any connected graph G, and e & E(G), then y25(G) — 2 < y2L(G +e) < y24(G) + 1.

From the Fig. 2.2, y2, = 7, Thus, 5 <8 < 8.
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Theorem 3.4 For any connected graph G, y24(G) +y34(G) = 2n — 1 ifand only if G = C, or G = C, .

Proof. Obviously, y24(C,) +v24(C,) = 7 = 2n — 1. Now assume that for some graph G, we have y25,(G) +
YoL(G) = 2n — 1. We assume that 9% (G) = n. By theorem 3.2, we have G = mK,. Clearlym > 2. If m = 2,
then G = K, UK, , therefore, G = C,. Now assume that m = 3. Let E(mK,) = {u;v1, UpVy, v, Upn U} -
Clearly, {u;vy,uyv;, ..., Upm—_1Vm—1} is @ TOIMDS of the graph mK,. Hence, y2, (mK,) <n— 2. Thus
voL(mK,) + y2L(mK;) <n+n— 2 < 2n — 1, a contradiction.

Theorem 3.5 For the wheel W, of order n > 5,then

n+2 . .
) - if nis even
)/T(:LLLL(WTL) = n+1

- ifnisodd.

Proof. Let W, be the wheel of order n = 5. The vertices of W, are vy, vy, ..., V_1 v, Where deg(v;) =n —

1 and degvr/=3 where /€{ 2, 3,..,n}.

Case (i) Suppose n is even. Consider S = M U K;, where M is a total monophonic dominating set of W,

M| = g and K; = v;. Hence (S) has no isolated vertex and (V — S) is an independent set. Thus Sis a total
n+2

outer independent monophonic dominating set in W, and so yoL(W,) = -

Case (ii) Suppose n is odd. Consider S = M U K;, where M is a total monophonic dominating set of W,
M| = 21 and K; = v,. Hence (S) has no isolated vertex and (V — S) is an independent set. Thus Sis a total

2
outer independent monophonic dominating set in W, and so y2L(W,) = o)

-
Theorem 3.6: For the wheel W, of order n > 5,then

A+6

if niseven
oi —
——— ifnisodd
2
Proof. Let W, be the wheel of order n > 5. The vertices of W, are vy, vy, ..., V1 ¥, Where deg(vy) =n —
1 and degvr/=3 where /6{ 2,3...,n}. In a wheel, A=7—1 and 5=3.
Case (i) If . is even, From theorem 3.5, y,(W;,) = % = =202 - 249

Case (ii) If n is odd, From theorem 3.5, y2L(W,) = nTH = @ = A%H

Theorem 3.7: For a complete graph K,,, remove an non adjacent edges {ei, e]-} to obtain G = K, — {ei, ej},
n > 5 then y2L(G) =n — 1.

Proof. Let G = K, — {ei, ej} where e; and e; are the non adjacent edges of K,,. Let ¢; = xy and ¢; = vw
where x,y,v,w are some of the vertices of G, then S = {x,y} = {v,w} is the monophonic dominating set,
S: = S U {u} is the total monophonic dominating set of G. Also S; has isolated vertex and (V — S;) is not an
independent set. Consider S, = S; U H where H is in V(G) — S; having n — 4 vertices. Now S, has no isolated
vertices and (V' —S,) is an independent set. Therefore, S, is the total outer independent monophonic
domination set. Hence |S,| = |S; UH| =3 + n— 4 = n — 1. Therefore, y24(G) = n — 1.

Theorem 3.8: For any connected graph G of order > 4, 2 < m(G) < y24(G) <n — 2.
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Proof. A monophonic set needs atleast two vertices and therefore m(G) = 2. Since every monophonic set is a
total outer independent monophonic dominating set we have m(G) < y24(G). Hence 2 < m(G) < y2L(G) <
n-—2.

Theorem 3.9: For any connected graph G of order = 4, 2 < ¥,,,(G) < y24(G) < n — 2.

Proof. Every monophonic dominating set need at least two vertices, so 2 < ¥,,(G). Sine every monophonic
domination set is a total outer independent monophonic dominating set , we have y,,(G) < vy (G). Also since
G is connected, Yoy (G) < n — 2. Hence 2 < y,,(G) < y2:(G) <n—2.

Theorem 3.10: For any connected graph G of order = 4, 3 < ¥ (G) < ¥24(G) <n — 2.
Proof. Every total monophonic dominating set need at least 3 vertices, 3 < v,,.(G). Since every total
monophonic dominating set is a total outer independent monophonic dominating set, we have y,,;(G) <

Y2L(G) . Also ¥4 (G) < n — 2. Hence 3 < ¥, (G) < y24(G) <n — 2.

Theorem 3.11: If B, and P,, are two path graphs of order ny,n, = 2, then the join of the graph G is
Vine (B, + P,) = [ + 5] = 1.

Proof. The join of two path graph results in a complete bipartite graph. The proof follows by the Fig. 2.3.

G

Fig. 2.3. (Graph of Theorem 3.11)
m(G) =2,¥m,(6) =3,ym(6) =(2+3) -1

Theorem 3.12: For any positive integers 2 < p < g, there exists a connected graph G such that y,,,,(G) = p
and v (G) = q.

Proof. Let P:u,v,w,x be a path on 4 vertices. Add new vertices Xy, X, ..., Xp—3 and Yy, Y5, ..., Yq-p and join
each x;(1 <i < p — 3) with x and each y;(1 <i < q — p) with v,x . Also, join y;’s with each y;’s (1 < i <
q — p) thereby obtaining the graph G in Fig. 2.4
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X1 Xz

Fig. 2.4. (Graph of Theorem 3.12)

Let Z = {u, X1, X2, ...,xp_3}. It is clear that Z is not a total monophonic dominating set of G. However,
M; = Z U {v,x}is the minimum total monophonic dominating set of G so that y,,;(G) = p. Next, we show
that ¥24(G) = q. It can be easily verified that M, is not a total outer independent monophonic dominating set
of G. ButM, = M; U {yl, Vo, wees yq_p} is the total outer independent monophonic dominating set of G and so

that % (G) = q.
4 Crown Graph

Definition 4.1 The crown graph H,, ,, (Fig. 2.5) is a graph obtained from the complete bipartite graph K, , by
removing a perfect matching.

Theorem 4.2: Let G = H,, , be a crown graph of order n = 4, then
. 4 forn=3
ol —
Vie(Hnn) = {n +2 fornz=3

Proof. Let {vy, Vs, ..., Uy, V1, Vg, ..., Uy} be the vertices of the crown graph with 2n vertices.

Case(i) For n = 3, the set S = {vy, v, v1, v} € V(G), forms the total monophonic domination set and so
(V — S) is an independent set. Therefore, y2% (Hn,n) =4.
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Fig. 2.5. (Graph of Definition 4.1)
Case (ii) Forn = 3, the set S = {v;, v}, v,v;} € V(G), where 1 < i.j < n, be the minimum total monophonic
dominating set and so (V — S) is not an independent set. Consider B = {v;, v,, ..., Vp_»} € N(v,;), k=iorj.
Also A = S U B is the minimum total outer independent monophonic domination set of G and (V — A) is an
independent set. Therefore, |A| = |S|+|B|=4+n—-2=n+2= y,‘;lit(Hn,n).

Theorem 4.3: Let H,, , be a crown graph of order n = 3, then y,,,; (Hy,,,) < YL (Hn_n)

Proof. Clearly, S = {v;,v,,v;,v,} forms the total monophonic domination set and so (V —S) is an
independent set. Therefore it is also the total outer independent monophonic domination set of G and so
Yme(Hnn) = Yol (Hy ) for n=3. Forn >3, let §; = {v;,v;,v;, v} € V(G), where 1 <i,j <n, be the
minimum total monophonic dominating set and so (V — S;) is not an independent set. Consider, S, = S; U
{v1, vy, ..., V_5} Which is the minimum total outer independent monophonic domination set of G and (V — S,)
is an independent set. Therefore, ¥y (Hppn) < ¥24 (Hn,n).

5 Conclusion

We can extend the concept of total outer independent monophonic domination number to find the total outer
independent edge monophonic domination number, connected total outer independent monophonic domination
number of graphs and so on.

Competing Interests

Authors have declared that no competing interests exist.



Sudhahar and Jaushal; ARJOM, 14(1): 1-8, 2019; Article no.ARJOM.49632

References

(1]

[10]

[11]

[12]

[13]

[14]

[15]

Arul Paul Sudhahar P, Bertilla Jaushal AJ, Vijayan A. The total monophonic domination number of a
graph. Asian Journal of Mathematics and Computer Research. 2016;14(4):290-295.

Arul Paul Sudhahar P, Bertilla Jaushal AJ, Vijayan A. The total edge monophonic domination number
of a graph. Proceedings on International Conferences on Applicable Mathematics; 2018.

Arul Paul Sudhahar P, Kalaivani VK, Vijayan A. The total edge monophonic number of a graph.
International Journal of Computational and Applied Mathematics. 2016;11(2):159-166.

Buckley, Harary F. Distance in graphs. Addision-Wesley, Redwood City; 1990.

Caro Y, Yuster R. Dominating a family of graphs with small connected graphs. Combin. Probab.
Comput. 2000;9:309-313.

Cockayne EJ, Dawes RM, Hedetniemi ST. Total domination in graphs. Networks. 1980;10:211-219.

Ersin Aslan, Alpay Kirlangi¢. The average lower domination number of graphs. Bulletin of
International Mathematical Virtual Institute. 2013;3(2):155-160.

Harary F. Graph Theory, Narosa Publishing House; 1998.

Haynes TW, Hedetniemi ST, Slater PJ. Fundamentals of domination in graphs. Marcel Dekker Inc.,
New York. 1998;208.

Michael A. Henning. A survey of selected recent results on total domination in graphs. Discrete
Mathematics. 2009;309:32-63.

Santhakumaran AP, Titus P, Ganesamoorthy K. On the monophonic number of a graph. J. Appl. Math.
& Informatics. 2014;32(1-2):255-266.

Total Outer-independent domination in Graphs.

Thomasse S, Yeo A. Total domination of graphs and small transversals of hypergraphs. Combinatorica.
2007;27:473-487.

Tufan Turaci, Ersin Aslan. The average lower reinforcement number of a graph. RAIRO, Theoretical
Informatics and Applications. 2016;50(2):135-144.

Venkanagouda M. Goudar, Bhavyavenu KL. Total outer independent Geodetic Number of a Graph, J.
Ultrascientist of Physical Sciences. 2018;30(4):247-256.

© 2019 Sudhahar and Jaushal; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

http.//www.sdiarticle3.com/review-history/49632




