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Abstract

In this article we construct some convolutions sums related to Fibonacci and Lucas numbers and
obtain their generalized formulae.
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1 Introduction

Let N be the set of positive integers. We may define the Fibonacci numbers, F,, by
Fy=0, =1, and, Foyo = Fop1 + F.

Associated with the numbers of Fibonacci are the numbers of Lucas, L,, which we may define by
Lo =2, L1 =1, and, Lp+2 = Lpt1 + L.

Fibonacci numbers and Lucas numbers can also be extended to negative index n satisfying

F,=(-1)""F, and L_,=(-1)"Ln. (1.1)
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The numbers F,, and L, are considered as special cases of general functions first studied in great
detail by Lucas [1]. Let us observe that we may set the Fibonacci and Lucas numbers [2] by

a™ —b"
F, = , L,=a" & 1.2
p— a®+b (1.2)
where 1 1
a:§(1+\/5), b:§(1f\/5). (1.3)

The very general functions studied by Lucas and generalized by Bell [3], [4], are essentially the F,
and L, defined by (1.2) with a, b being the roots of the quadratic equation 2? = Pz — @ so that
a+b=P and ab = Q.

In this paper we get convolution sums formulae almost based on Egs. (1.1), (1.2), and (1.3), which
implies that every proof is simple:

Theorem 1.1. Let n,k € N. Then

(a)
= n n —nyn
Z <m> Lim Ln—tom = 2" Ly, + (=1)*7Y LiLg—1yn,
m=0
(b)
i n n —1)nrn
( >Lkan—km =2"F, - (_1)(k 2 LkF(kfl)na
m=0
(c)
n n on 1 (k—1)n
<m> FemFnkm = ?Ln - %LQL(IC—I)’VH
m=0
(d)
n n
m=0 m
Theorem 1.2. Let n,k € N. Then
(a)
n
Z Lkanfk'm
m=0
(_1)(1971)77, 1
=(n+1)Ln + ,HiF(%fl)an + Frik,
Z ak—l—ibi ak—l—ibi
1=0 1=0
(b)
Z Lkanszm
m=0
-1 (k—1)n 1
=(n+1)F, - %L(2k71)n+k + 7 Lntx,
5Zak717ibi 5Zak717ibi
i=0 =0
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Z kaankm
m=0

1 (_ )(k—l)n 1

[y

= g(n +1)L, — 1 For-1yn+e — 57— Fns,
5 ak*l*ibi 5Zak717ibi
1=0 1=0
(d)
Z kaLnfkm
m=0
-1 (k—1)n 1
=Mn+1)F, + 1(671) L(gkfl)njqc It Lyt
5 ak—l—ibi 5Zak—1—ibi
=0 1=0

Theorem 1.3. Let n € N. Then
(a)

n k
Z Z LmLk—an—k = WI/TL + 3(’]’1, + Z)Fn+17
k=0 m=0

n k

1 2 2
§ § Fkamenfk: (n+ )(n+ )Ln_n+ Fn+1.
k=0 m=0 10 5

2 Proofs of Theorem 1.1, Theorem 1.2, and Theorem
1.3

Proof of Theorem 1.1. Since the proofs are similar and so we only prove part (a). From the
definition of L,, in (1.2) we deduce that

n) Lkanfkm
m
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— " (Z) A (;) (%)km +a" > (Z) (g)’“m
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n n 7 n n b n 7 n
=a" 2 B () a1 () "2

a

n n n 1 n n 1 n nyn
—9mg™ 4 b 'W(bk+ak) +a ,W(ak+bk) +2"b
__on/ . n n k kyn 1 1
=2"(" +0") + (" + )" (o= + Somn)

a(k—l)n +b(k—1)n
(ab)(kﬂ)n
—o"L, + (ak + bk)n ) (_1)(1%1)71 (a(kq)n + b(k71>n)

=2"Ln + L (-1)" V" L1y
since Eq. (1.3) shows that

ab:%(1+\/5)~ (1-+5)=—1. (2.1)

N | =

Corollary 2.1. Let n € N. Then

(a)
<n>Lan—m = 2nLn + 27
m
m=0
(b)
Y (”)L L =@2"+ (=3)")L
m 2mbin—2m — - ny
m=0
(c)
- n n n
< )LS'an—Sm =2"L,+4 L2n7
m
m=0
(d)

n

<">L4an4m = 2"Lpy + (=7)" Lsn.
0 m

m=

Proof. By the recurrence definition of Lucas numbers we have Lo =2, L1 =1, Ls = 3, Ls = 4, and
L4 = 7. Putting k = 1,2,3,4 in Theorem 1.1 (a) we have

(a)

<n> LynLy— =2"Ly,+ LYLo=2"L, + 2.
m
0

m=

(;) LomLn—om = 2" Ly + (=1)"L3 Ly = 2" Ly, + (—3)" L.

m=0
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(n) LsmLp—3m =2"L, + (71)2"L§L2n =2"Lp +4" Loy,
m
0

m=

3

(;) LamLn—am = 2" Ly + (=1)*" L3 Lap, = 2" Ly + (=7)" Lsn.

m=0

O

Example 2.2. Let us put k = 1,2,3, and 4 in Theorem 1.1 (b), (c), and (d). Then we have the
following tables :

Table 1. £ =1,2,3, and 4 in Theorem 1.1 (b)

k Convolution sum Formula
e -

1 ng_ﬂ <m> LinFrm 2" Fo

2 mz::O (:1 LomFu—om | (2" = (=3)")F,

3 mznjo (;L) LsmFusm | 2"F, —4"F,

4 mio (;) LamFn—am | 2"Fp — (=7)"Fin,
Table 2. £k =1,2,3, and 4 in Theorem 1.1 (c)

k Convolution sum Formula

1 mZ::O (Z) FnFoom %Ln - %

) mz (;) FanFocam | 22" = (=3))Ln

3 miio (::L) Fsm Fr—3m %Ln - %LG

4 mznjo (;) FanFoin | % Lo =D L,

Table 3. k =2,3, and 4 in Theorem 1.1 (d)

k Convolution sum Formula

2 rg (;) FomLn-om | (2" +(=3)") Fy
3 mznjo (::L) FsmLn-sm | 2"Fy +4"F,
4 mio (;) FamLn—am | 2"Fp + (=7)"Fin,
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Proof of Theorem 1.2. Since the proof is similar thus we prove only (a). Now by (1.2), (2.1) and
the geometric series we have

n
Z Lkanfkm
m=0

_ Z (akm + bkm)(anfkm + bnfkr‘n)
m=0

3

(an + akmbn—km +bkman—km + bn)

m=0
=(a"+b")> 1+b Z(g)k +a Z(a)’“
m=0 m=0 m=0
(Lyktnt)) _q 1— (é)k(nJrl)
:Ln(n+1)+b"-ba7+a"-‘17
—)k—1 1— (é)k
b a (2.2)

bk(ak(nJrl) _ bk(nJrl)) ak(ak(n+1) _ bk(nJrl))

=+ 1)Ln +0"- bF(FD) (gF — k) ta ak(n+1) (gk — bk)
1 k1) _ pk(n+1)
=(n+1)L, + by ak — b
1 F(ntD) _ pk(nt1)
+ a(kfl)" ' ak — bk
k(n+1) k(n+1)
a —b 1 1
=n+1)L, + aF — bk (b(’f—l)" + a(k—l)n)
k(n+1) _ pk(n+1) (k=1)n 4 p(k—=1)n
a b a + b
=(Mn+1)L, + ok —bF " (ab)kDm
_1)(k=1)n _ _
R L e e R L}

Then the second term in the above identity can be written as

k—1)n
(—1)( ) ) (ak(n+1) 7bk(n+1)) (a(kfl)n er(kfl)n)

ak — bk
_ (,i)(k;:n . (azkn+k—n +ak(n+1)b(k—1)n _ kD) (e=T)n
ak —
_ b2kn+k7n)
-1 (k—1)n n —n n —n n; —m— —n—
_ ( k) o _{(azk th—n _ p2kntk ) — (ab)k+k (a k_p k)}
ak —

e

(_1)(k71)n a2kn+k7n _ b2kn+k7n
T k-l a—>b

ak—l—ibi

o
Il
<}

—n—k —n—k
— (=R D H’)
a—>b

and so by (1.1) we deduce that
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k—1)n
(71)( ) . (ak(n+1) _ bk(n+1)) (a(k—l)n +b(k—1)n)
ak _ bk:
—1)(k=1)n
ak*l*ibi
=0
-1 (k=1)n n n
_ k(_l ) (FanJrkfn — (=R (1) +k+1Fn+k) (2.3)
ak*l*ibi
=0
—1)(k=1)n 1
Zak—l—zbz ak—l—zbz
i=0 i=0
Applying (2.3) to (2.2) we obtain
Z Lkan—k'm
m=0
= (n+1)L +ﬂp +;F
- n o—1 (2k—1)n+k o—1 n+k-
k—1—iz1 k—1—ig1
a b a b

.
Il
=
<
I
=

O

Example 2.3. Let us consider k = 1,2,3, and 4 in Theorem 1.2 (a), (b), (c), and (d). Then we
have the following tables:

Table 4. k=1,2,3, and 4 in Theorem 1.2 (a)

k Convolution sum Formula
n
1 > LuLn-m (n+1)Ln +2Fan1
m=0

2 Z LZan72m (n + 1)Ln + (_l)nF3n+2 + Fn+2
m=0

n
1 1
3 mZ:OLSan_sm (n+1)Ln + 5 Fsnya + 5 Foys

= —1)" 1
4 Z L4an74m (’I’L + 1)Ln + ( 3) F7n+4 + an+4
m=0

Table 5. k£ =1,2,3, and 4 in Theorem 1.2 (b)

k Convolution sum Formula
1 Z L Frn_m (n+1)Fn
m=0

S —1)" 1
2 Z L2an72m (TL + 1)Fn - ( 5) L3n+2 + BLTH»?
m=0

- 1 1
3 mZ:OLSanfiim (Tl + 1)Fn - EL57L+3 + ELn+3

- -1)" 1
4 Z L4an74m (’I’L + 1)Fn - ( 15) L7n+4 + T5Ln+4
m=0
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Table 6. £k =1,2,3, and 4 in Theorem 1.2 (c)

k Conwvolution sum Formula
~ 1 2
1 Fan_m - 1 Ln - 7Fn
mZ:O s(n+1) sl
" 1 (-1 1
2 FornFrn_om - 1)L, — F3pio— = F,
mz::o 2 2 5(71 +1) 5 sn+z = plint2
3 En: deFn—dm 1(7’1 + 1)Ln - iF‘5n+3 - iF‘n-‘y—.&
= 5 10 10

= 1 (-1)" 1
4 Z F4an74m 7(771 + l)Ln - F7n+4 - iFn+4
P 5 15 15

Table 7. kK =2,3, and 4 in Theorem 1.2 (d)

k Convolution sum Formula

(_1)7L
5

- 1
2 Z F2an72m (n + 1)Fn + L3n+2 - gLn+2
m=0

n
1 1
3 Z F3mLyp_3m (n+1)Fn + —Lsn+3 — — Lnts

= 10 10
- —-1)" 1
4 Z F4an74m (’I’L + 1)Fn + %LTH,«HL - ELn+4
m=0

Proof of Theorem 1.8.  (a) Table 4 enables us to deduce that

n k
Z Z Lmkaanfk

k=0 m=0
n k

= Z (Z LmLk:m) Lnfk
k=0 \m=0

= Xn: ((k+1)Lg +2Fk41) Li—k (2.4)
k=0

= Z(k +1)LyLn_i + 22 Fry1Ln_k
k=0 k=0

n n n

=Y kLiLo-t+ Y LiLu-k+2)  Fiy1 Lo

k=0 k=0 k=0

Then we note that

n

> kLpLn-k =Y (n—k)Ln Ly
k=0

k=0

and so

S kLiLo-i = g S LiLo-t. (2.5)
k=0 k=0
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Applying (2.5) to (2.4) and using Table 4 and 5, we have

ZZLLk:mnk

k=0 m=0

:%ZLkLn k+ZLkLn k+2ZFn+l k Lk
k=0 k=0 k=0

3

=3 ((n+ 1)Ly +2Fat1) + (n+ 1) Ln + 2Fn41) + 2(n + 2) Fropa
_(n+

1)(n+2)
2

(b) By Table 6 we expand as follows :

n k
DD FuFi-mLn-k

k=0 m=0

DI P

Ln -+ 3(7’L -+ 2)Fn+1.

k-l—l)Lk —2Fk+1)Ln_k (26)

Il
e
Il MS I
Cﬂ\r—t

(S cn\»—l
3 H

Zk+ )LioLn— k——ZFkHLn .

kLiLn— + = ZLkLn k—fZFkHLn -
= k=0

After applying (2.5) to (2.6) and employing Table 4 and 5, we can write

n k
Z Z Fka—an—k

k=0 m=0

gZLkLnfk + %;}LkLnfk — ng:OFankLk

k=

O

10 ((n + 1)Ln + 2Fn+1) +

_(n+1)(n+2) n+2
- 10 Ln = == Foi1.

1 2
5 (04 D)Ln +2Fnp1) = = (0 +2) Foia

3 Conclusion

For the Fibonacci number and Lucas number given by

n:a —b and L,=a"+b",
a—b>b

we construct some convolutions sums and get their generalized formulae.
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