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Abstract

We study the qualitative behavior of a predator-prey model, where the carrying capacity of the
predators environment is proportional to the number of prey. The considered system is given by

the following rational difference equations:

ITnYn—2 YnTn—2
Tnt1 = ——  —— Ynt1=

, = 07 17 Ty
Yn—1 + Yn—2 +TTpn_1 £ Tpn_o

where the initial conditions z_2,x_1,%0,y—2,Y—1, %o are arbitrary positive real numbers. Also,
we give specific form of the solutions of some special cases of this equation. Some numerical

examples are given to verify our theoretical results.
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1 Introduction

Difference equations appear as natural descriptions of observed evolution phenomena because most
measurements of time evolving variables are discrete and as such these equations are in their own
right important mathematical models. More importantly, difference equations also appear in the
study of discretization methods for differential equations. Several results in the theory of difference
equations have been obtained as more or less natural discrete analogues of corresponding results of
differential equations. The study of rational difference equations of order greater than one is quite
challenging and rewarding because some prototypes for the development of the basic theory of the
global behavior of nonlinear difference equations of order greater than one come from the results for
rational difference equations. However, there have not been any effective general methods to deal
with the global behavior of rational difference equations of order greater than one so far. Therefore,
the study of rational difference equations of order greater than one is worth further consideration
see [1, 2, 3, 4, 5, 6].

The study and solution of nonlinear rational recursive sequence of high order is quite challenging
and rewarding. This can be attributed to the fact that many real life phenomena are modeled
using difference equations. Some economical and biological examples can be seen in [1, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 2, 3, 4, 5, 6]. It is commonly known that nonlinear difference equations
are able to produce and present sophisticated behaviors regardless their orders. Recently, there
has been a lot of interest in studying the qualitative properties of rational recursive sequences.
Furthermore diverse nonlinear trend occurring in science and engineering can be modeled by such
equations and the solution about such equations offer prototypes towards the development of the
theory. However, there have not been any suitable general method to deal with the global behavior
of rational difference equations of high order so far. Therefore, the study of rational difference
equations of order greater than one is worth further consideration.

A great example of both facts are Ricatti difference equations since the plenty of the dynamics of
Ricatti equations is very well-known, and a particular case of these equations provides the classical
Beverton-Holt model on the dynamics of exploited fish populations.

There are many articles on the difference equations systems [18, 19, 20]. For example, the periodicity
the positive solutions of the rational difference equations systems

m PYn
Tn+l = — Yntl = —
Yn Tn—1Yn—1

has been obtained by Cinar[19] .
Din et al[l]. studied the equilibrium points, local and global stability and periodicity of positive
solutions of a fourth-order system of rational difference equations of the form

QTn—3 y - Q1Yn—3
3 n+1 —
B+ YYnYn—1Yn—2Yn—3 B1 4+ MNTnTr—1Tn—2Tn-3

Tn4+1 =

Similarly, a large number of other difference equations and nonlinear systems of the rational
difference equations were studied.

Ahmed [21] investigated the global behavior for the system of rational difference equations

T _ Tn—1 y _ Yn—1
n+l — —— n+1 — 7
a+ YnTn-1’ b+ TnYn—1
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Bao [22] concerned with dynamics of the solution to the system of two second-order nonlinear
difference equations
Tn

Topr = A4 — g = Ay
Tn—1Yn—1 In—1Yn—1

Din [23] investigated the dynamics of the following system of fourth-order rational difference
equations

A1Tn—-3 a2Yn—3
Tnt1 = ) Yn+1 =
62$n$nflynf2yn73

ﬂlynynflxn72xn73

Our aim in this paper, is to investigate the behavior of the solution of the following nonlinear
difference equation

TnYn—2 YnTn—2
Tn4+1 = ) Yn+1

=— n=01,.. 1.1
Yn—1 + Yn—2 +Tp_1 £ Tn_2 ( )

where the initial conditions x_2,x_1,%0,y—2,y—1, Yo are arbitrary positive real numbers.
We find a specific form of the solutions of some special cases of Eq. (1.1) and give numerical
examples of each case.

2 First Case : On the Difference Equation z,; =
TnlYn—2 Ynsl = YnLn—2
Yn—1 + yan’ " Tp—1 T+ Tp-2

In this section we study the following special case of Eq. (1.1):

TnYn—2 YnTn—2
Ty = —omdn=2 = Intn=2 01, .., 2.1
e Yn—1 + Yn—2 Yn+1 Tn—1 + ITn—2 ( )

where the initial conditions x_2,x_1,%0,y—2,y—1,yo are arbitrary positive real numbers.
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Theorem 1. Let {zn,yn}ne_s be a solution of Eq. (2.1). Then for n =0,1, ...,

S —c H (afoi—2 + bf2i—1)(bf2i—2 + cfoi—1)(df2i—1 + ef2i)(ef2i—1 + g f2:)
o (af2i—1 4+ bf2:)(bf2i—1 + cf2:)(df2i + efaix1)(ef2i + gf2i+1)

. b H (af2i—2 + bf2i—1)(bf2i + cfoit1)(df2i—1 + ef2i)(efai—1 + gf2i)
ot = LY (afoi 1+ bf2:)(bf2it1 + cfaive)(df2i + efait1)(ef2i + gf2z+1)

S H (af2i + bf2ir1)(bfoi + cfair1)(dfai1 + efai)(efai—1 + g fai)
" Ll (afoit1 + bfait2)(bf2it1 + cfoive)(df2i + efoit1)(efoi + gfoit1)’

Tans1 = H (af2i + bf2i41)(bf2i + cfoit1)(df2i—1 + ef2i)(ef2it1 + gf2i42)
" (6 + g) (afoit1 + bfoit2)(bfoit1 + cfoivo)(dfo; + efait1)(efaita + gfoits)’

n—1

y —y H (af2ie1 + bf2:)(bf2i—1 + cf2:)(df2i—2 + ef2i—1)(ef2i—2 + g f2i—1)
-2 (afai + bf2i+1)(bf2i + cfait1)(df2i—1 + efai)(ef2i-1 + g f2i)

. eﬁ (af2i—1 + bf2:)(bfai—1 + cf2i)(df2i—2 + efai—1)(ef2i + gf2i+1)
et 0 (af2i + bf2ir1)(bfoi + cfair1)(dfoi1 + efai)(efaivr + g faiva) ’

—d H (af2i—1 + bf2:)(bfai—1 + cfai)(df2i + efoiv1)(efoi + gf2it1)
(af2i + bf2i41)(bf2i + cfoit1)(df2i41 + efaiv2)(efrit1 + gf2i42) ’

Yanil = H (af2i—1 + bf2:)(bf2i1 + cfoive)(df2i + efoiv1)(efoi + gfoit1)
nt (b +c) (afoi + bfoit1) (bf2ive + cfoirs)(df2ir1 + efoiz2)(efoir1 + gf2it2)’

wherez_o =c,x—1 =b,x0 = a,y—2 = g,y—1 = €,y0 = dand {fm }m=_2 = {1,0,1,1,2,3,5,8,13, ... }.

Proof: We use an inductive proof for this rational recursive sequences. It is easy to see that for
n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is;

. . H (afai—2 + bf2i—1)(bfai—2 + cfai—1)(df2i—1 + efai)(efai—1 + gf2i)
=6 (af2i—1 + bf2i)(bf2i—1 + cf2:)(df2i + efaiv1)(efai + gf2it1)

x _ bh (af2i—2 + bf2i—1)(bf2i + cf2it1)(df2i—1 + ef2i)(efai—1 + gf2i)
s (af2i—1 + bf2i)(bf2it1 + cfoiy2)(df2i + efaiv1)(efai + gf2it1) ’

(af2i + bf2i+1)(bf2i + cfoit1)(df2i—1 + ef2:)(ef2i—1 + g f2:)

Tan—4 = H (afaiyr + bf2ir2)(bf2iv1 + cfoire)(dfoi + efaiv1)(efas + gfoir1)’
. __oag "1:[2 (af2i + bf2i+1)(bf2i + cf2it1)(df2i—1 + ef2i)(ef2it1 + gf2i+2)
e (e+9) o (afait1 + bf2it2)(bf2it1 + cfritra)(df2i + efoit1)(efoita + gf2its)’
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v _ gﬁ (afaim1 + bf2:)(bfai—1 + cfai)(df2i—2 + efai—1)(efoi—2 + gf2i—1)
n=6 bl (af2i + bf2i41)(bf2; + cfoit1)(df2i—1 + ef2i)(ef2i—1 + gf2:)

ﬁ (af2i—1 + bf2:)(bf2i—1 + cfei)(df2i—2 + efai—1)(efoi + gf2it1)
(afzi + bf2it1)(bf2i + cfoit1)(df2i—1 + efi)(efait1 + gf2it2) ’

Yan—5 =

_ dﬁ (af2i—1 + bf2:)(bf2i—1 + cfai)(df2; + efaiv1)(efo + gfait1)
Yan—a b (af2i + bf2it1)(bf2i + cfait1)(df2i+1 + efoita)(efoit1 + gfoit2)’

H (af2i1 4+ bf2:)(bf2i1 + cf2iv2)(df2: + efoiv1)(ef2i + gf2ix1)
(af2i + bf2it1)(bf2ita + cfoits)(df2it1 + efoita)(efoit1 + gfait2)’

Yan—-3 = b+ C

Now we find from Eq. (2.1) that

Tan—3Yan—5

Fan-2 = Yan—4 + Yan—5
ﬂﬁz (afai +bfoir1)(bfoi + cfoirr)(df2i1 + efoi)(efaitr + gfaiva) H (afzi-1 + bf2i) (bf2i—1 + cfzi)(df2i—2 + ef2i—1)(ef2i + gf2i+1)
ag (af2itr + bf2iv2)(bf2is1 + cfaive)(df2i + efoitr)(efrive + gf2irs) (afz2i + bf2iv1)(bf2i + cfoiyr)(df2i-1 + efai)(€friv1 + gf2iv2)

T (et H (@fais + bfoi) (bfaics +efo)(dfai +efoisr)(efoi b ofoir) H (afai1 + bf2i)(bfaio1 + cfai) (dfsio + efoi1)(efos + gfoit1)
(afzi + bf2ii1) (bf2i + cfoit1) (dfaiss + efaiva)(efoivr + 9f2iv2) L5 (af2i + bf2ir1) (bf2i + cfaivr)(dfzir + efai) (efoitr + g f2it2)

(afai +bfois1)(bfoi + cfoiv1)(df2i-1 + efoi)(efzisr + gfaiv2)  (af2io1 +bf2i)(bfoic1 + cfoi) (df2i—2 + efoi1)(efoi + g f2it1)

_ _aeg H (af2ix1 + bfoir2)(bf2iv1 + cfaiva)(df2i + efaiv1)(efaiva + gf2i43) (afoi + bfaiv1)(bf2i + cfaiy1)(df2i1 + efai)(€friz1s + gfaiy2)
(e+g) -+ (af2i-1 4 bfai)(bf2i—1 + cfoi)(dfei + efair1)(efoi + gf2it1) te (afai1 + bf2i)(bfaim1 + cfoi) (df2i—2 + efaim1)(efoi + gfoit1)
(ale + bf2it1)(0f2i + cfaiv1)(df2it1 + efaiva)(efaivr + gf2it2) (af2i + bf2it1)(bf2i + cfaiv1)(df2i1 + efai)(efait1 + g f2it2)

(af2i—1 +bf2:)(bf2i—1 + cf2i)(df2i—2 + efai—1)(efai + gf2it1)
(af2it1 + bf2i12)(bf2iv1 + cfair2)(df2i + efoivi)(efoite + gf2i13)

n—2

_ aeg
" (e+y9) g (af2i—1 +bf2i)(bf2i—1 + cfai)(efai + gf2it1) (d (df2i + ef2it1) n e(df2i—2 + €f2i—1))
(af2i +bf2ix1)(bf2s + cfair1)(efoitr + gfoiv2) \ (df2ir1 + efoit2) (df2i—1 + ef2s)

(df2i—2 + ef2i—1)

n—2

_ _aeg H (afait1 + bfair2)(bfoiy1 + cfaiv2)(df2; + efait1)(efoita + gf2i43)
(e+9) 5% 1 (d (df2i + ef2it1) e(dfm‘—z + €f2i—1))
(af2i + bf2ir1)(bf2i + cf2it1)(efoir1 + gfoive) N (dfeiy1 + ef2iq2) (df2i—1 + ef2s)

) (afai +bf2i41)(bf2i + cfaiv1)(df2i—2 + efai—1)(efaitv1 + gf2i42)
aeg 11 (af2it1 +bfait2)(bf2ir1 + cfrira)(df2i + efoit1)(efaita + gf2i43)
(e+9) 5% d (df2i + ef2it+1) 6(dfm—z +efai-1)
(df2ix1 + efaiy2) (df2i—1 + efaq)
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(afai + bf2ix1)(bf2i + cfoit1)(efoiv1 + gfait2) ﬁ (df2i—2 + efai—1)

::1

_aeg iZo (af2it1 + bf2it2)(bf2i+1 + cfoix2)(efoit2 + gf2i+3) o (df2i + ef2i+1)
B (e+9) (df2i + ef2it1) = (df2i—2 + efai—1)
g H | s e T L ey
o (afoir—2 +bfoir—1)(bfair—o + cfair—1)(ef2ir—1 + gf2ur) d
aeg i1 (afair—1 + bfair)(bfar—1 + cfa)(efoir + gfairi1)  (dfon—a + efon—3)
B (6 + g) df2z’ o+ efoi_ 1 dez 2+ efa )
d}_[l (dfoir—1 + efair) e Hm
= (afoir—2 +bfoir—1)(bfair—o + cfair—1)(ef2ir—1 + gf2:r) d
aeg i1 (afair—1 + bf2ir)(bfar—1 + cfa)(efoir + gfairi1)  (dfon—a + efon—3)
B (6 + g) df2z’ o+ efoi_ 1 dez 2+ efai— )
e}_lo (dfair1 +efor) ¢ H L1+ efar)

ﬁ (afoir—2 +bfoir—1)(bfair—o + cfair—1)(ef2ir—1 + gf2ir)

_ daeg i) (afair—1 + bfair)(bfair—1 + cfaur)(efor + gf2iry1)
 (e+9)(dfan—a + efons) enl:[l (df2i—2 + ef2i—1) 1 (dfon—3 + efan—2)
=0 (df2i—1 + ef2:) (dfan—a + efon—3)

H (afair—o + bfosr_1)(bf2sr—2 + cfoir—1)(efasr—1 + gfoir)

|

_ daeg i) (afair—1 + bfoir)(bfair—1 + cfoir)(efoir + gfairy1)
(€ +g)(dfan—a + efon-3) 1:[1 (dfai—2 + efai—1) (d(fon—a + fon—3) + e(fon—3 + fon—2))
L (df2io1 + ef2) (dfon—a + efon—3)

H (afair—2 + bfair_1)(bf2sr—2 + cfair—1)(efair—1 + gfair)
dag =1 (afoir—1 + bfair)(bfair—1 + cfair)(efoir + gfairs1)

+
(e+9) %( (fon—a + fon—3) + e(fon—3 + fon—2))

:L

H (afoir—a +bfoir—1)(bfair—o + cfoir—1)(efoir—1 + gf2ir)
dag = (afoir—1 + bf2ir)(bfair—1 + cfair)(eforr + gfair41)

(6+g) et (dei—Z +€f2i—1)

(df2n72 + ef?nfl)
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"t (afyr_g +0Foir 1) (Bfair _g F cfoy_1)(efayr 1 4 9Foy0)

(afyr 1 +0f2i)(0for _y + cfyir)(efar + 9f250 1)
"t (df2i—2 + ef2i—1)
i—o (df2i—1 +ef2;)

7dci’=0

(dfen—2 + efan—1)

_ de "ot (g g+ Sy )(0Fay o+ cfay 1) (efay_y +9f2) " (dfai—1 + efai)
(df2n—2 + efan—1) i’ =0 (afzi/71 + bfzi/>(bf2i/71 + szi/)(efzi/ +gf2i/+1) i=0 (df2i—2 + efa2i—1)

_ dc "t (afoi—2 + bf2i—1)(bf2i—2 + cfai—1)(df2i—1 + efai)(efai—1 + 9f2s) 1
(dfan—2 + efan—1) ;=g (af2i—1 +bf2:)(bf2i—1 + cf2i)(efoi + gf2it1) nﬁl(df ber )
2i—2 +efai1
i=0
_ dc "t (af2i—2 + bfai—1)(bf2i—2 + cfai—1)(df2i—1 + ef2;)(efai_1 + gf2i) 1
(dfan—2 +efen—1) ;Zo (af2i—1 +bf2:)(bf2i—1 + cf2i)(efoi + gf2it1) ”ﬁl(df ter N
2i—2 +efai1
i=0
_ C"ﬁl (af2i—2 +bf2i—1)(bf2i—2 + cf2i—1)(df2i—1 + ef2i)(ef2i—1 + gf2q) 1
; i—1 + bf2;)(bf2i— i i i =
iZo (af2i—1 + bf2i)(bf2i—1 + cfoi)(ef2i + gf2it1) T (Waia + efai1)

i=1

_ Cnﬁl (af2i—2 +bf2i—1)(bf2i—2 + cf2i—1)(df2i—1 + efai)(ef2i—1 + gf2i) 1
(af2i—1 +bf2i)(bf2i—1 + cf2i)(efei + 9f2i41) n—l
T1 (df2i + efziq1)
i=0

=0

_ cnﬁl (af2i—2 +bf2i—1)(bf2i—2 + cfoi—1)(df2i—1 + efa;)(ef2i—1 + gf2;)
; (af2i—1 +bf2:)(bf2i—1 + cf2:)(df2; + efoit1)(ef2i + gf2it1)

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

. ey et
. z(n+1) = miiies vin+ 1) = ity
25
A
= | x(n)
=15 y(n)
A
0.5
o
o 5 10 15 20 25 30 35
n

Theorem 2. Let xz,,y, be a positive solution of system (2.1), then every solution of system (2.1)
is bounded and converges to zero.

Proof. It follows from Eq. (2.1) that

TnYn—2 YnTn—2
Tpntl1 = ————— < Tn, Yntl =

———— < Yn,
Yn—1 + Yn—2 Tp—1+ Tp—2
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Then the sub-sequences {Zan—1}nro, {Z2n}neo are decreasing and so they are bounded above by
My = max{z_1,z0}. Also, the sub-sequences {y2n—1}neo, {y2n }aeo are decreasing and so they are
bounded above by M2 = max{y—1,yo}. The proof is complete.

For confirming the results of this section, we consider numerical example for z_5 =1,2_1 = 2,29 =
3,y—2=3,y—1 = 2,50 = 1 ,(See Figure 1).

3 Second Case : On the Difference Equation x,.1 =
TnplYn—2 YnTn—2
———  Yny1 =
Yn—1 + Yn—2 Lp—1 — Tn-2

In this section we study the following special case of Eq. (1.1):

TnlYn— nLn—
Tn4+1 = ﬁa Yn+1 = Ma n:0717"" (31)
Yn—1 + Yn—2 Tpn—1 — Tn—2

where the initial conditions z_2,x_1, %0, y—2,y—1, Yo are arbitrary positive real numbers.

Theorem 3. Let {x,,yn}ne_o be a solution of Eq. (3.1). Then all solutions of system (3.1) are
periodic with period twelve and for n =0, 1, ...,

T12n—2 = C, Yion—-2 = ¢

Zi2n—1 = b, Yi2n—1 =€

Ti2n = @, Yizn =d

- _ag _dc
12n+1 = g—&-e’ Yi2an+1 = b_c

- _ age _ dbc
N L A R [ )

- _ age(b—c) ___dbc(e+g)
T T by reetd) T = oa—be

- _gelb—c)(a—b) y _ be(e+g)(d+e)
T g e)etd) T T (b —o)(a—b)

S i (et [ ) _ _Pletg)d+e)
T g alerd) T b= o)D)

- __ed(b—c)(a—b) __able+g)(d+e)
T g rd) T b o))

- _edc(a—1b) __abg(d+e)
T g eletd) T e - (e —b)

. _ edc _ abg
N L N R )

- _ de __ag
12n49 = (d—&-e)’ Yi12n+9 = a—b
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where x_2 =c,x_1 = b,x0 = a,y—2 = g,y—1 = e, yo = d.

Proof: We use an inductive proof for this rational recursive sequences. It is easy to see that for
n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is;

L12n—-14 = C, Yi2an—14 = ¢
Ti2n—13 = b, Y12n—13 = €
Tizn—12 = a, Yi2n—12 = d
_ag _dc
Tizn—11 = te Yran-11 = 3
. _ age . dbc
12n-10 = T T ) Y12n—10 = (EDICED)
- _ age(b—c) _dbc(e+g)
P T bgte)(e+d)’ Yran=o = (b—c)(a—b)e
- _ge(b—c)(a—b) _ be(etg)(d+e)
T gt lerd) T b oa—b)
- __62(b—c)(a—b) __b2(6+g)(d+e)
T gt ee ) T T b e)(a - b)
- _ed(b—c)(a—b) __able+g)(d+e)
T b aletd) T b= o))
- __ edc(a—1b) _ _ abg(d+e)
T g reetd) T e o))
a: . edc _ abg
B R ICE R M CE IR
- _dc __ag
12n=3 = Ty Yran—s = ———

Now we find from Eq. (3.1) that
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T12n—3Y12n—5
Tigp-2= ————
Y12n—4 + Y12n—5

dc abg(d + e)
(d+e)e(d—c)(a—0)
abg abg(d + e)

(b—c)a—b) elb—c)(a—0)

abedg
_ e(b—c)(a—0b)
abeg __abg(d+e)
e(b—c)(a—b) elb—c)la—0)
abcdg
_ e(b—c)(a—b)
_ abgd
e(b—c)(a—b)
__ abcdg
abgd

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

For confirming the results of this section, we consider numerical example for z_> =1,2_1 = 2,29 =
3,y—2 =3,y-1 = 2,50 = 1 ,(See Figure 2).

. _ a(my(n—2) — _yma(n—2)
501 a(n+1) = e vt D = &

x(n)
y(n)

40

30

20

£ 10r

-10

-20

-30

40 1 1 1 1

n

Fig. 2
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4 Third Case : On the Difference Equation z,.; =
_TINTE gl =
Yn—1 T Yn—2 " —Tp—1+ Tp-2

In this section we study the following special case of Eq. (1.1):

TnYn—2 YnTn—2
Tn+l = Yn+1 = ————
Yn—1 + Yn—2 —Tn—1 + ITn—2

where the initial conditions x_2,x_1,%0,y—2,y—1,yo are arbitrary positive real numbers.

n=0,1,.., (4.1)

Theorem 5. Let {zn,yn}ne_2 be a solution of Eq. (4.1). Then for n =0,1, ...,

abede?g(a — b)(b — ¢)
afon—3 = bf2n—1)(afen—2 — bfon)(bf2n—3 — cfon—1)(bfon—2 — cfon)(df2n—1 + € fon—2)(df2n + efon—1)(efon—1 + g f2n—2)(efen + gf2n-1)"
abede?g(a — b) (b — c)
(afon—s — bfon—1)(afen—2 — bfon)(bfon—2 — ¢fon)(bfon—1 — cfon+t1)(dfon—1 + €fon—2)(dfon + €fon—1)(efon—1 + gfon—2)(efon + gfon—1)"
abede?g(a —b)(b— c)
(afan—2 — bfan)(afon—1 — bfant1)(bfon—2 — cfon)(bfan—1 — cfont1)(df2n—1 + efon—2)(dfon + €fon—1)(efon—1 + gfon—2)(efon + gfan-1)’
abede*g(a — b) (b — c)

Tgn+1 = (afan—2 — bfon)(afen—1 — bfant1)(bfan—2 — cf2n)(bfan-1 — cfant1)(df2n—1 + efan—2)(dfon + €fon—1)(efon + gfon—1)(efon+1 + gfon)’
abede*g(a —b) (b — ¢)

Tgn—2 = (

Tgn—1 =

T8n =

B2 = o2 — bfan)(@fan—1 — Dfens1)(bfan—z — Cfon) (0fzn—1 — Cfant1)(dfan + € fon1)(Afzntt + € fon)(€fn + gFon—1)(€font1 + gfon)’
. B abede?g(a — b)(b — c)
ST afon—2 = bfan)(@fan—1 = bf2at1)(bfan—1 — cFant1)(bfen — fans2) (dfon + € fon1)(dfont1 + €f2n)(€fon + gFon—1)(efont1 + gfon)|

abede?g(a —b)(b — ¢)
afan—1 — bfens1)(afon — bfont2)(bfan—1 — cfont1)(bfon — cfont2)(dfon + €fon—1)(dfon+1 + €fon)(efon + gf2n—1)(efont1 + gfon)’

abede*g(a — b) (b — ¢)
(afan—1 — bfont1)(afon — bfant2)(bfen—1 — cfont1)(bfon — cfont2)(dfon + €fon1)(dfans1 + efon)(€fons1 + gfon)(efont2 + gf2nt1)’

Tsn+a = {

Z8n45 =

and
(afon—2 — bfan)(bfon—2 — cfon)(dfon—1 + efon—2)(efon—1 + gfon—2)

Ysn—2 =

e(a—b)(b—c) ’
- (afon—2 — bfon)(bfon—2 — cfon)(dfon—1 + €fon)(efon + gfon-1)
Ysn—1 = e(a—b)(b—c) )
_(afon—2 —bfan)(bfan—2 — cfon)(dfon + €fon—1)(efon + gfon—1)
Yan = ela—b)(b—0) ’
B (afon—1 — bfon+1)(bfan—2 — cfon)(dfon + €fon—1)(efon + gf2n—1)
Ysnt+1 = ela—b)(b—c) )
_(afon—1 —bfont1)(bfon—1 — cfont1)(dfon + efon—1)(efon + gfon—1)
Ysn+2 = y
e(a—10b)(b—rc)
. (afen—1 — bfont1)(bfan—1 — cfont1)(dfon + efon—1)(efont1 + gfon)
y8’ﬂ+3 - bl
e(a—b)(b—c)
_ (afon—1 — bfont+1)(bfan—1 — cfont1)(dfont+1 + efon)(€f2nt+1 + gfon)
Yonra = e(a—b)(b—ro) ’
_ (afan—1 = bfont1)(bfon — cfont2)(dfont1 + efon)(€font1 + gfon)
Ysn+s5 = )
e(a—b)(b—c)

wherez_2 = c¢,2_1 = b,x0 = a,y—2 = g,y—1 = €,yo = dand {fm }=—_2 = {1,0,1,1,2,3,5,8,13, ...}

Proof: We use an inductive proof for this rational recursive sequences. It is easy to see that for

11
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n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is;

abede®g(a — b)(b— c)

Fan—10 = (afon—s — bfon—3)(afon—1 — bf2n—2)(bf2n—s5 — cfon—3)(bfon—s — cfon—2)(dfon—3 + e fon—1)(dfon—2 + efan—3)(efon—3 + gfon—5)(efon—2 + gfon—3)"

abede*g(a —b)(b—c)

T80 = (o fon—s — bfon—3)(afan—1 — bfzn—2)(bfan—1 — cfan—2)(bfon—3 — cfon—1)(dfzn—2 + fon-2)(Afon—3 + €fon—3)(€fon—3 + gfan—2)(€fon—3 + Gfan—3)’

abede*g(a —b)(b— c)

88 = (afan1 — bfan—2)(@fan—s — bfan—1)(bfan—1 — cfan—2)(bfan—s — Jan—1)(dfan—s + € Jan—1)(df2n—2 + € Jan—3)(€fan—s + GJ2n—a)(€f2n—2 + an—3)"

abede?g(a —b)(b—c)

BT afans — bfon-2)(@fon—s — bfon-1)(bfan—1 — cfon2)(bfon—s — cfon-1)([Af2ns T €fon—1)(dfan—2 + efons)(efon—2 + Gfon—3)(€f2n1 T gfon2)’

abede’g(a —b)(b—c)

T80 = (afan—1 = bfon—2)(afon—s — bfzn-1)(bfon—1 — fan—2)(bfan—3 — cfon-1)(dfzn—2 + fon—3)(Afan—1 + €fan—2)(efan—2 + gfan—3)(€fon—1 + 9 fon—2)

abede®g(a — b)(b— c)

T80 = (afan—1 = bfon—2)(afan—3 — bfzn—1)(bfn—3 — cfan—1)(bf2n—2 — fen)(Afzn—2 + € fan—3)(Afan—1 + €fan—2)(€fon—2 + 9Jon—3)(efon—1 + Gfn-2)’

abede®g(a —b)(b — ¢)

Ten-1 = (afon-3 = bfon—1)(afen—2 — bfan)(bfon—3 — cfon—1)(bfon—2 — cfon)(dfon—2 + efon—3)(dfon—1 + efon—2)(efon—2 + gfon—3)(efon—1 + gfon—2)’

abede?g(a —b)(b—c)

Ten-3 = (afon—3 = bfon—1)(afon—2 — bfon)(bfon—3 — cfon—1)(bfon—2 — cfon)(dfon—2 + efon—3)(dfon—1 + efon—2)(efon—1 + gfon—2)(efon + gfon-1)"

(afon—a — bfon—2)(bfan—a — cfon—2)(dfon—3 + €fon—s)(efon—3 + gfon—s)

e(a—b)(b—c)

)

I

(
)

—bfon—2)(bfon—a — cfon—2)(dfon—2 + efon—3)(efon—2 + gfon—3)
)

’

— bfon—1)(bfon—a — cfon—2)(dfon—2 + €fon—3)(€fon—2 + gfon—3)

e(a—b)(b—c)

I

— bfon—1)(bfon—3 — cfon—1)(dfen—2 + efon—3)(efon—2 + gfon—3)

e(a—b)(b—c)

I

—bfon—1)(bfon—3 — cfon—1)(dfon—2 + €fon—3)(€fon—1 + gfon—2)

e(a—b)(b—c)

I

— bfon—1)(bfon—3 — cfon—1)(dfen—1 + efon—2)(€fon—1 + gfon—2)

e(a—b)(b—c)

—bfon—1)(bfon—2 — cfon)(dfon—1 + efon—2)(efon—1 + gf2n—2)

and

Ysn—10 —

Ysn—9 = (af2n—1
Ysn—8 = (@f2n—4
Y8n—7 = (af2n-3
Ysn—6 = (fzn-3
Ysn—s5 = (@fon-a
Y8n—4 = (f2n-s
Ysn—3 = (afon—a

e(a—b)(b—c)

’

)

12
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Now we find from Eq. (4.1) that

L8n—3Y8n—5

Tyn—2 =
Ysn—4 + Ysn—s

_ abede?g(a —b)(b — c)
" (afon—s = bfan—1)(afon—2 — bfan)(bfon-3 — cfon—1)(bfon—2 — cfon)(dfon—2 + efon—3)(dfon—1 + efon—2)(efon—1 + gfon—2)(€fon + gfon-1)
(afon—s — bfon—1)(bfan—s — cfon—1)(dfon—2 + efon—3)(efon—1 + gfon—2)
e(a—b)(b—c)
(afon—3 — bfon—1)(bfon—3 — cfon—1)(dfon—1 + efon—2)(efon—1 + gfon—2) + (afan—3 — bfon—1)(bfon—3 — cfon—1)(dfon—2 + efon—3)(efon—1 + gfon—2)
e(a—b)(b—rc) e(a—b)(b—c)

_ abedeg(a —b)(b — c)

- (afan-3 —bfon-1)(afon—2 — bfon)(bfon—3 — cfan—1)(bfon—2 — cfon)(df2n—2 + €fon—3)(df2n—1 + efon—2)(efon—1 + gfon—2)(€fon + gf2n—-1)
afon—3 — bfon—1)(bfon—s — cfon—1)(dfon—2 + €fon—3)(efon-1 + gfon—2)

(afon-3 = bfen—1)(bfon—3 — cfon—1)(df2n—1 + efon—2)(efon—1 + gfon—2) + (afon-3 — bfon-1)(bfan—3 — cfon—1)(df2n—2 + efon—3)(efon—1 + gfon—2)

abede?g(a — b)(b — ¢)

- (afon—s — bfon—1)(afon—2 — bfan)(bfon—s — cfon—1)(bfon—2 — cfon)(dfon—2 + €fon—3)(dfon—1 + €fon—2)(efon—1 + gfon—2)(efon + gfan—1)
(afon-3 —bfon-1)(bfan—3 — cfon—1)(df2n—2 + efon—3)(efon—1 + gfon—2)

(afan—s — bfon—1)(bfan—s — cfon—1)(df2n + €fon—1)(efon—1 + gfon—2)

abede?g(a —b)(b — ¢)

= (afan-3 — bfan—1)(afon-2 — bf2n)(bfon-3 — cfon—1)(bfon—2 — cfon)(df2n—2 + €fon—3)(dfen—1 + efon—2)(efon—1 + gfon—2)(efon + gfon-1)
(dfan—2 + efon—3)

(dfan + €fon-1)

B abede?g(a — b)(b - ¢)
- (afan—3 — bfon—1)(afon—2 — bfon)(bfon—s — cfon—1)(bfon—2 — cfon)(df2n + efon—1)(dfon—1 + efon—2)(efon—1 + gfon—2)(efon + gfon-1)

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

For confirming the results of this section, we consider numerical example for z_o = —1,2_1 =
2,20 = —9,y—2 = 1,y_1 = 2,y0 = 1 ,(See Figure 1).

_ _slyn-2) — _ ye(n-2)
,gx107  TOHD = mneT v+ D) = 5
b
15f
= | x(n)
S 1 y(n)
g
05F
oh
_05 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
n
Fig. 3
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5 Fourth Case : On the Difference Equation z,.; =
TnYn—2 YnTn—2

——  Yn+1 = —
Yn—1 T Yn—2 " Tp—1 + Tp—2

In this section we study the following special case of Eq. (1.1):

ITnYn—2 YnTn—2
T+l = —————, Yn4+1 = — ’
Tp—1+ Tn-2

R — n=0,1,.., (5.1)

where the initial conditions x_o,x_1,x0,y—2,Yy—1, Yo are arbitrary positive real numbers.

Theorem 5. Let {zn,yn}ae_2 be a solution of Eq. (5.1). Then for n =0,1,...,
(afon—1 4+ bfon—2)(bfan—1 + cfon—2)(dfon—2 + €fon)(efon—2 + gfon)
b(d+e)(e+g)

(afon—1 + bfon—2)(bfan + cfon—1)(df2n—2 + €fon)(€fon—2 + gfon)
b(d+e)(e+g)

Tgn—2 =

’

I8n—1 = 5

R (afon + bfon—1)(bfon + cfon—1)(dfon—2 + €fon)(efon—2 + gf2n)

b(d+e)(e+9)

(afon + bfan—1)(bfon + cfon—1)(dfon—2 + efon)(efon—1 + gfon+1)

T8+l = ,
e b(d+e)(e + g)
_ (afon 4+ bfon—1)(bfan + cfon—1)(dfon—1 + efont1)(efon—1 + gfont1)
T8n+2 = ’
b(d+e)(e+g)
(afon + bfon—1)(bfont1 + cfon)(dfon—1 + efont1)(efon—1 + gfon+1)
T8n+3 = ,
b(d+e)(e+g)
_ (afong1 4+ bfan) (0f2ns1 + cfon)(df2n—1 + efony1)(€fon—1 + gfont1)
T8n+4 = ’
b(d+e)(e+g)
(afont1 + bfan)(bfont1 + cfon)(dfan—1 + efoni1)(efon + gfonia)
T8n+5 = ,
b(d+e)(e+9)
and
Ysn_2 = ab®cdeg(e + g)(d + e)
" (afan—1 + bfan—2)(afon + bfan—1)(bf2n—1 + cfan—2)(bfon + cfon—1)(dfon—3 + €fon—1)(df2n—2 + efon)(€fon—3 + gfan—1)(efon—2 + gf2n)’
Ysn—1 = — ab’cdeg(e + g)(d + €)
" (afan—1 4 bfan—2)(@fon + bfan—1)(bfan—1 + cfan—2)(bfan + cfon—1)(df2n—3 + €fon—1)(df2n—2 + €fon)(efon—2 + gfan)(efon—1 + gfont1)’
Yon = abQCdeg(e +g)(d+e)

(afan—1 + bfan—2)(afon + bfan—1)(bf2n—1 + cfan—2)(bfon + cfon—1)(dfon—2 + €fon)(df2n—1 + €font1)(efon—2 + gfon)(efon—1 + gfont1)’

_ ab’cdeg(e + g)(d + €)
Yent1 = (afan—1 + bfan—2)(afon + bf2n—1)(bfon + cfon—1)(bfans1 + cfon)(dfon—2 + efon)(dfon—1 + efons1)(€fon—2 + gfon)(efon—1 + gfont1)’

o ab®cdeg(e + g)(d + €)
Yent+2 = (afon 4 bfon—1)(af2ns1 4 bfan)(bfon + cfon—1)(bf2nt1 4 cfon)(df2n—2 + €fon)(df2n—1 + €font1)(efon—2 + gfon)(efon—1 + gfont1)’

o ab’cdeg(e + g)(d +€)
T T afan + bfan)(@fans1 + bF2n) b fan + ¢fan—1) (6ot + cfen) (@fzn—2 + ef2n) Afan—1 + €Fars1) (€fan1 + 9 Fone1) (€fon + 9Fznr2)’

_ ab’cdeg(e + g)(d +€)
Y = afon + bfon-1)(@fon i1 + bfon) 0fon + cfon-1) (bons1 + €fan) @fon—1 + efans1)(dfon + efoni2)(€fon1 + glani1)(efon + gfont2)’

o ab’cdeg(e + g)(d + €)
Yoo = (afon +bf2n-1)(afont1 +bf2n) (bfont1 + cfon)(bfont2 + cfons1)(df2n—1 + € foni1)(dfon + efani2)(efon1 + gfont1)(efon + gfoni2)’
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wherez_> =c,z_1 =b,xo = a,y—2 = g,y—1 = €,y0 = dand {fm }—_o = {1,0,1,1,2,3,5,8,13,...}.

Proof: We use an inductive proof for this rational recursive sequences. It is easy to see that for
n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is;

T8n—10 =

T8n—9 =

T8n—8 =

T8n—7 =

(afon—3 + bfon—a)(bfon—3 + cfon—a)(dfon—a + efon—2)(efon—a + gfon—2)

b(d+e)(e+g)

(afon—3 + bfon—a)(bfon—2 + cfon—3)(dfan—a + €fon—2)(efon—a + gfon—2)

b(d+e)(e+9)

)

(afon—2 + bfon—3)(bfan—2 + cfon—3)(dfon—a + efon—2)(efon—a + gfon—2)

b(d+e)(e+g)

)

- (afon—2 + bfon—3)(bfan—2 + cfon—3)(dfan—a + €fon—2)(efon—3 + gfon—1)

b(d+e)(e+9)

?

(afon—2 + bfon—3)(bfan—2 + cfon—3)(dfan—3 + €fon—1)(efon—3 + g fon—1)

T8n—6 =

T8n—5 =

b(d +e)(e+g)

)

(afaen—2 + bfon—3)(bfan—1 + cfon—2)(dfon—3 + €fon—1)(efon—3 + gfon—-1)

b(d+e)(e + g)

i

(afon—1 4+ bfon—2)(bfan—1 + cfon—2)(dfan—3 + €fon—1)(efon—3 + gfon—1)

Tgn—4 =

b(d +e)(e+9)

)

(afen—1 4+ bfon—2)(bfon—1 + cfon—2)(dfon—3 + €fon—1)(efon—2 + gfon)

T8n—3 =

b(d+e)(e+g)

I

)

and

R ' ab’cdeg(e + g)(d +€) i
(afen—3 4 bf2n—a)(afon—2 + bfon—3)(bfon—3 + cfon—a)(bf2n—2 + cfon—3)(dfen—5 + €fon—3)(dfon—a + €fon—2)(efon—5 + gfon—3)(efon—1 + gfon—2)

/ _ ab?cdeg(e + g)(d + €)

Ysn=o = (afzn—3 + bf2n—a)(afen—2 + bf2n—3)(bfon—s + cfon—a)(bf2n—2 + cfan—3)(dfon—s + efan—3)(dfon—a + efan—2)(efon—1a + gf2n—2)(efon—3 + gfon-1)’

Yon_s = ab’cdeg(e + g)(d + €) .

(af2n-3+bfon—a)(afon—2 + bfon—3)(bfen—3 + cfon—a)(bfon—2 + cfon—3)(dfen—a + efon—2)(dfen—3 + efon—1)(€fon—a + gfon—2)(efon-3 + gfon—1)
: o ab*cdeg(e + g9)(d+e)
YT = " afon s + bfan—1)(@fon—2 + bfan ) (0fon—2 + cfon—5)(0fan1 + cfon—2)(dfon—a + efan2)(dfans + efon 1)(efon—s + gf2n2)(€fon5 + GFan 1)’
_ ab’cdeg(e + g)(d + €)

Yan=6= (afan-2 + bfan-s)(afon1 + bfan—2)(bf2n—2 + cfan—3)(Dfon-1 + cfon-2)(dfon-a + efon-2)(df2n-s + € fon-1)(efon—a + gf2n-2)(efon-3 + g fon-1)’

o = — ab?cdeg(e + g)(d + €) 7
(afon—2 +bfon—3)(afon-1 4 bfon—2)(bfon—2 + ¢fon—3)(bfon—1 + cfon—2)(dfon—a + €fon—2)(dfon—3 + efon—1)(€fon—3 + gfon—1)(efon—2 + gfon)

ot = ab’cdeg(e + g)(d +e€)

Ysn—3 =

(afzn—2 +bf2n—3)(afon-1 +bfan—2)(bfon—2 + cfon-3)(bf2n—1 + cfon—2)(dfon—3 + efon—1)(dfon—2 + efan) (e fon-3 + g f2n—1)(e fon—2 + g fon)’

ab’cdeg(e + g)(d + €)

" (afon—2 + bfon—3)(afon—1+bfon—2)(bfan—1+ cfon—2)(bfon + cfon—1)(df2n—3 + €fon—1)(df2n—2 + efon)(€fon—3 + gfon—1)(€fon—2 + gfon)’
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Now we find from Eq. (5.1) that

Fon1)(eFans & 9Fan 1) (eFan—2 T 92n)

T
Tt efan-a)

T@fon—a + Fans){@fan s + bfzn2) 0Tz +

EICE]
an-2)(dfn-a,

(@t + 0o 2) (0

_ _(afans o+ b ) (bfancs + efan-a)(
)

 (0fans b b ) b

e+ g)(d+e)

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

For confirming the results of this section, we consider numerical example for z_o = 1,2_; =
—2,20 =6,y—_2 = 10,y_1 = 2,y0 = 1 ,(See Figure 4).

_ _z(ny(n-2) _ y(n)z(n—2)

5 _><105 LE(TL + 1) — yn-1)+y(n-2)° y(n + 1) = T x(n—1)ta(n-2)

4+

3 -
=
= 2r
" x(n)

A y(n)

0 -

—l 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35
n
Fig. 4

6 Conclusion

This paper discussed local stability, the solutions of some special cases of Eq. (1.1) and gave
numerical examples of each case.
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