Hindawi

Advances in Mathematical Physics
Volume 2022, Article ID 9108480, 9 pages
https://doi.org/10.1155/2022/9108480

Research Article

@ Hindawi

Growth Series of the Braid Monoid MB. in Band Generators

Muhammad Haleem Khan© and Zaffar Iqbal

Department of Mathematics, University of Gujrat, Pakistan

Correspondence should be addressed to Muhammad Haleem Khan; haleem khan@uog.edu.pk
Received 12 April 2022; Accepted 24 May 2022; Published 7 June 2022

Academic Editor: Dimitrios Tsimpis

Copyright © 2022 Muhammad Haleem Khan and Zaffar Igbal. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Growth series is an important invariant associated with group or monoid which classifies all the words of group or monoid.
Therefore, the growth series of braid monoids and Hecke algebras in Artin’s generators is presented in many scholarly
published articles. The growth series of braid monoids MB; and MB, in band generators is known. In this work, we compute
the complete presentation of braid monoid MB; in band generators by solving all the ambiguities of MB;. The words on the
left-hand of each relation are reducible words, and the words on the right-hand side are canonical words. We partially find the

growth series ( Q) of reducible words. Then, we construct a linear system for canonical words of MBs in band presentation

*

and compute the corresponding growth series. We also find the growth rate of growth series of MB; in band generators.

1. Introduction

The growth series also known as Hilbert series is an impor-
tant invariant in the study of modern geometry. In physics,
growth series have recently become a power full tool in high
energy theory, appearing, for example in the study of
Bogomol'nyi-Prasad-Sommerfield operators of supersym-
metric gauge theories [1, 2]; supersymmetric quantum chro-
modynamics [3, 4], and instanton moduli space [5, 6]. In [7],
Hilbert series was used to construct an operator basis in 1/m
expansion of a theory with a nonrelativistic heavy fermion in
an electromagnetic (NRQED) or color gauge field (NRQCD/
HQET).

The braid group B,,; admits the presentation given by
Artin [8].

Bn+1 = <x1’ Xy

The braid group B,,,, admits other presentations such as
Sergiescu graph-presentation and Birman-Ko-Lee presenta-

XX = XX,

if |i—j|>2 >
X XiXip] = XXX f1<i<n—-1

(1)

tion or band presentation. The last presentation is given by

Bn+1:<a[5,n2t>521

atsarq = arqats’ (t - r) (S - r) (S - q)(t - q) >0 >

a0y, = 4,0y = A Ay, N2E>s>1 21

(2)

Growth series of braid monoid MB; and MB, is com-
puted in [9]. In [10], growth series of the finite dimensional
Hecke algebra is presented. Growth series for graded S-
module was computed by Haider in [11]. The growth series
of binomial edge ideals was computed by Kumar and Sarkar
in [12]. In [13], growth series of the graded algebra of real
regular functions on the symplectic quotient associated to
an SU,-module is computed and given an explicit expression
for the first nonzero coefficient of the Laurent expansion of
the growth series at t = 1. Growth series and the coefficient
of Laurent expansion of growth series of special linear group
of 2 x 2 matrices are computed in [14]. In [15], Saito proved
that the growth functions associated with Artin monoids of
finite type are rational functions whose nominator is 1 and
the denominator is polynomial N, (¢) having distinct roots.
Growth series of symplectic quotients by 2-torus is com-
puted in [16]. In [17], the Laurent coefficients of the growth
series of a Gorenstein algebra is presented. In the growth
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series 1/q,(t) of MB, (for n=3,4,5,6) for Artin generators,
the degrees of the polynomials g, (t) are 3, 4, 10, 15, respec-
tively (for detail see [18]). Universal upper bound for the
growth of Artin monoid is computed in [19]. Growth series
of braid monoid MB; and MB, in band generators is com-
puted in [9]. The degrees of polynomial g, (¢) in case of band
generators are 2 and 3 (for n =3 and 4). In this paper, we
compute the growth series of braid monoid MB; using band
presentation, and we see that the degree of the polynomial
q,(t) is 4. We note that growth rate of MB; in band genera-
tors is much slower than that of Artin generators.

2. Materials and Methods

In MB., we fix a total order a,, < a;, <as, <

the generators. In the monoid, the relation « = 3 will be writ-
ten as a < f in the length-lexicographic order. Let «; = uw
and &, = wv; then the word of the form uwv is said to be
ambiguity (for detail see [20]). If a;v = ua, as a relation as
well as in the length-lexicographic order, then, we say that
the ambiguity is solvable. A presentation is complete if and
only if all the ambiguities are solvable (for detail see [21,
22]). Corresponding to the relations o = f3, the changes yad
—> y6 give a rewriting system. A presentation will be
called a complete presentation if and only if all the ambigu-
ities are solvable.

In a complete presentation (or in the general presenta-
tion) of MB,, if a word W contains «, then W is called a
reducible word and we denote it by B” in general. If word
W does not contain &, then W is called canonical word or
canonical form. Let U and V be nonempty words; then,
the word Ua,;V will be denoted as a;; x ;;a;; V.

“+ < fy(y_1) ON

Definition 1 (see [23]). Let G be a finitely generated group
and S be a finite set of generators of G. Then, the word
length I(g) of an element g e G is the smallest integer n
for which there exist s, -+, s, € SUS™! such that g=s,, -,

S,

Definition 2 (see [23]). Let G be a finitely generated group
and S be a finite set of generators of G. Then, the growth
function of the pair (G, S) associates to an integer k>0 the
number a(k) of the element g € G such that I(g) =k, and
the corresponding growth series is given by P(t) = Y r2ga(
k)tk.

In 2008, Bokut [22] gave the Grobner-shirshov basis
(GSB) of B,,; in band generators. The notion of this basis
is in [14, 20, 24-27] under different names: complete presen-
tation, presentations with solvable ambiguities, Grobner-
shirshov basis, rewriting system, and so on. In [28], we
proved the subset of GSB of B,,; given by Bokut [26] is a
GSB of MB,,,;. Using the notation (used in [28]) (¢,s) for
generator a,, and V, 4 or W, for the words in a; such that

t>k>1>s, we have.
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Theorem 3 (see [28]). A GSB of braid monoid MB,,,, consist
of following relations:

(b D)(5J) = (o) (kD k> 1>
(KD Vit () = (b)) Vijor gy (b Dk > 0> j> 1,
(t3’ )t tr) = (t 1)) (85 1),

(t5 1)V ey (3 £2) = (£ 1) (E50 1) V11
(68 Vi (b )W 0y (3 £1) = (835 £2) (6:8) Vi, g (20 tl)W[t:—l,t,]’
(ts’s)v[tz—z,z](tz’tz)W[g 1t (3 1) = (t25)(t55)V t, 1,1](t2) tl)W[t,rl,tI]’

!
Forty>t,>t,t>t5t,>sand Wy, 0 (E5 1)) = (E )W 5

(3)

!
where W[t;— 1]

— (t3p)-

= W[t3—1,tl]|(p> q) — (p:q)ifg#t;5(p: 1)

Proposition 4 (see [9]). Solution of linear system for canon-
ical words of braid monoid MB, is given by

4) ¢
P = )
L (1=t)(1-5t+582)
@) _ ¢
P o ~,  ~.0?
3T 54562
@ _ ¢
P o ~,  ~.0?
32 T 1 -5t452 @)
) _ t(] —Zt)
4T 54520
P(4) _ t—t?
2T 545020
P _ t(1-2t) .
B 5452

And the growth series of MB, in band generators is given
as

1
(1-1t)(1-5t+5t%)"

P (1) = (5)

3. Results and Discussion

In this paper, we compute the growth series of MB; (in band
presentation). From Equation (2), we have the following
band-presentation of MB.:

3) 503) 4 L . .
<‘1s4)‘153>“52’ As1> Aq3> Ay Aq1> A32> A3 “u)R(l ))R(z ’RE )>R1 Lois3 10,j=11,--, 30>>

(6)
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where

Ry

. _ (4
D ly0y3 = A30,,, Ry

. _ 3)
D 83,03, = Gy 431, Ry

. — R 4
$ 403 = A3304)5 Iy

)

‘43031 = 4310415 Riﬁ)
- 5103y = 03,055 Rg)
‘51043 = 4305, R<154)
* 51053 = 43,45, R<156)
‘ 5p0y3 = Ay30s5), RSZ)
¢ 5p053 = A3;0s), Rgg)
‘ s530y) = 05,0535 Rg)
5303y = A305), Rgi)
P As4dy) = 01055 Rgz)
FA5403) = 035054, REZ)

. _ (5)
D 5404 = 405, Ryg

are given basic relations.

For the braid monoid MB;, we have given another form
of Theorem 3 that is directly used to compute the growth
series of MB.. This form is obtained by solving all the ambi-
guities in the band presentation of MB..

. _ (4) . _
A4 043 = A31041, Rg " a0,y =504, Ry

D 5305, = Ay3053, Ryg

. _ (4)
D A3y = Gy315 Ry

. — R 4
$ 4404 = 031045 K5

(4)

P Ay30y) = 01043, Rg4)
P O4303) = 0304, Risl)
- 5104y = Qg 0515 Rg)
‘ s105y = 05,4515 R<15;
‘51054 = 04,0515 R<157)
‘ A5p051 = 014515 Ri?
‘ 5p054 = gp0s), R§51)

. _ (5
D 53031 = a31ds1, Ros

)

. _ (5)
D 54031 = A31054, Ry
. _ (5)
D A54041 = A40515 Rog

54043 = Ay3053

(7)

Proposition 5. A complete presentation of MB; for band pre-
sentation is given by

)

(3) p® ) p@ pB
<a54, s3> Asp> Asp> Ay3> Ayp> Agp> A3 031> g ‘Rz Ry Rey s Ry Ry R

i=3,--,10,j=76,---,83,k=11,---,75),

(

(8)

where the new relations Rﬁ),... , Ré? are given as follows

5 _
Rgs) D as,ay,a,V(42)as, = “21“51“21“’5121‘/,(42)’

(5) . n _ n—1
R3y :asya5a3, = asyas,a5,43,",

(5) . n _ n—1
Ry; tas,a5ay, = a4,05,05,05, "

5 it
Rg; s asiaya3,W(32)ay, = ‘142‘1515121‘1221"‘/ (32),

(5) . n _r _ n r—1
Ryt as5105,a5,0,, = a,305,05,03,0,5

5
R

. n _ n
P 451051043 = Ay3a51457

(5) . n _ n—1
Rys @ as,a5a5, = a5,a5,a,,ds,"

5 Iyt
Rg7> t asiay,a3,W(32)as; = “21“51“21“221"‘/ (32),

5
R(39) D a5 ay,a3,W(32)a;V(43)as,
=a,a5,a,a8, W' (32,21)V' (43),

o).
Ry : as a5 a5,a3W(31)a,V(42,21)a;,

= a21a51a21a’5’2_1a§2W'(31)V' (42),

(5) . n o_r _ n r—1
Ryt as5,05,05,05, = a3,05,05,05,055

Rg) D a5,05,a5,0,3V (43,42, 32)as,

=a;,a5,a5,a5,a5' V' (43,42, 32),

RY) : ay,al,al,a5, W(31)a,,V (42,43, 32)as,
=ayas,a5,a5,W' (31)V' (42, 43,32),

RY) : ag,ala,,V(42,43,32)as, = a,a5,al, V' (42,43, 32),
RE;? D a5,a5,a53 = A3,a5,05),
Rfs) ag,al,a5,W(32)alzas; = agas,a5, W' (32)al;,
R5157> D 5,05, a5, = Gy,05,05),
RE;? D a5 @503, W (32)as, = ay 5,05 W’(32)’
RE;) sasya; W(3l)ay, = 5‘43‘151“31W,(31)’
RS)) s as a; W(31)as; = ‘1315‘51“31WI(31)’
R(;) s as a3 W(31)a,V(42)as; = a31a51a31W'(31)V'(42),
R(s? sasja; W(3l)a;zV(43)as, = a31a51a31W'(31)V'(43),

RY) : as,a,, W (31)a,,V (42,43, 32)as,
=ayas5a; W' (31)V'(42,43,32),

R : as,a3, W (31)ajsas; = agas,a;, W' (31)azsal;’,
Rg? s as a; W(31)as, = a41“51a31WI(31)’
Ré? taspay V(4l)as, = ‘141“51‘141‘/,(41)’
R§57) D as,a5, W(31)ay, = agasa;, W' (31),
Rg? tasyaz W(3l)as, = a32a52a31W/(31),
. asyaz W(31)a,,V(42,)as, = a32a52a31W'(31)V'(42),

5
= asya3; W (31)a,5V(42)as; = a32u52a31W/(31)V'(43),



RY) : ag,a;,W(31)a,,V (42,43, 32)as,
=agas,a, W' (31)V' (42,43, 32),

5 ! —
R(62> D asya3 W(31)aysas; = agpas,as W (31)“43‘1241’
5
R(ss) tasay W(3l)as, = 6142“52“31W/(31)’

(5) . n _ n—1
Rgy @ as,a5,a,, = ag3a5,a3,a55"

5
Rgs) D asaz;W(32)ay, V(41)as, = a42a52a32W/(32)V'(41),

(5) . n _ n—1
Rgs  a5,03,05, = A3,05,03,055 "

RY) : ag,ala;, W(31)a,,V (42,43, 32)as,
=aya5a5, W' (31)V'(42,43,32),

5
RY) - ag,a,a,,V (43,42, 32)as,
= ay,a5,a3,08,' V' (43,42, 32),

Ré? D asya3, W (32)ajzas; = a42a52a32W’(32)a43a§; g
R(;)) D asyaz,W(32)as, = ‘142“52“32WI(32)’
R(7§> Dasyay V(4)as, = ‘142‘152‘141‘/,(41)’
RY) : as,a,,V(42,43,32)as, = a,a.,0,,V' (42,43, 32),
R(7§> D as3ay V(4)as, = a43‘153a41vl(41)’
RY) : ag,a,,V(42,43,32)as, = aya.0,,V' (42,43, 32),
R<7i D A53043053 = A4305304305, L
R<7? DAy a5, a3; = A3x04,05,03; g
R(;;) DAy a5, 0, = 051041050y, g
R%) D ay0h,a550, = 030,05, 050",
R(;;) DAy 503 = 031005,
RE;(I)) DAy ay03,W(32)ay, = aya4,a,, ‘132W,(32)’
Rg) Day 0505 W(31)ay = a31a41a31W’(31),
RE;? taga; W(3l)ay, = 032‘142“31W,(31)’
Rg) DAy, = A30,503,0,5 4

(3) . n _ n—1
Rgy @ asayas, = a3a5a,,43,"
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where n and r are positive integers, W(3k) a canonical word
in MB; starting with ay,, (k=1,2) and

(i) WI(3k) =W(3k):  as, — a3, a, — Ay, a3 —
ays V(4l) is a canonical word in MB, starting with
ap (1=1,2,3)

(i) V' (3l) = V(3)

Ay — Q5g Agp = Ayp, Ayz — g3, A3y — A3, Ay

—ay, a5 —> ay; and V(4m,32) = ZA(;an)’ m

=2, 3 (as mentioned in Theorem 3)

Proof. We denote the ambiguity formed by left sides of the
relation R; and R; in MB; by R;-R;=swt (say). If in the
ambiguity z = swt, L(z) = (sw)t and R(z) = s(wt) are differ-
ent lexicographically, then we get a new relation in the com-
plete presentation of MB, and if L(z)=(sw)t and
R(z) =s(wt) are reduced to an identical word, then we say
the ambiguity is solvable and no new relation is formed.
The above relations are formed by solving the ambiguities
involving basic relations and new relations.

For an ambiguity R<151) - Rf) = a5,a5,0,, = w,(say), we

have

R(wy) = 5,035,085, = 05,0505, L(w)) = d5,a3; a4y, = d3,05, a5, -

(10)

: (5) . —
Hence, we have a new relation Ry’ : a5, 4,45, = as,a5,
. . P 5 3) _
a,,. Again, by solving new ambiguity Rl(vl) - Ry =as a,,a5
a5, = w,(say), we have

_ _ 2 _
R(w,) = as,a,,a5,a3, = a5,3,05;, L(w,) = as,a5,45, a5,

=305 05,03;-

(11)

. (5) . 2 —
Hence, we have another relation R’ : as,a3,a3 = a3,

(3)

ds,d,,a3,. Now by solving ambiguity Rt(jz) - R =asa3 a5

a,, = ws(say), we have

_ 2 _ 3 _ 2
R(wsy) = as,a3,05,a3, = a5,a3,05;, L(w,) = as,a3,45, a5,

_ 2
=305 05103;-

(12)

: (5) . 3 _ 2
Hence, we have a relation R}’ : a5,a5,a5, = as,a5,a,,a3,.
By continuing the same process, we have the general relation

n>1.

(13)

(5) . n _ n-1
R3y : as1a3,051 = asa510503,

) For an ambiguity Rg) - Ré4> =d5a40, =w, (say), we
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have

R(wy) = as1a4,0y; = as1ay,a4, L(wy) = as)a4 a;) = aga5,05; .-

(14)

; (5) . —
Hence, we have a new relation Ry : as,a, 4y, = a4,a5
. . o 4
a,;. Again, by solving new ambiguity RSB - Ri )= Q510504
a,, = w; (say), we have

_ _ 2 _
R(ws) = a5, 04104y = 503,04, L(ws) = as,ay,44; ay,

= 04,0501 843>
(15)

. . : 5) . 2.
which give another relation R : ag,a,a,, = a,,a5,a5,0,,.

Now by solving ambiguity Rz(i - Rff) =a5,a3,a,,a, = W

(say), we have

_ 2 _ 3 _ 2
R(wg) = asa3,a4104, = a5105,041, L(We) = a5,05,a41 Ay,

_ 2
= 04051071 04,-

(16)

() . . 2 P
Hence, R : as,a3,a,, = a4,a5,4,,a3,. By continuing the
same process, we have the general relation

(5) . n _ n—1
Ry tasay04 =agpasa,a, , nxl (17)

)

For an ambiguity R(152 —R§4> =a5,a,,045 =W, (say), we

have

R(w;) = a5,a550,3 = a5103; Ay, = A3,051Ayy = A3y04,0515
L(w;) = as51 a4y dy3 = A4505) Ay = AyyAy3 As) = 030405,

(18)

where L(w,)=R(w,) are reduced to identical word, so
ambiguity is solvable and no new relation is formed. Using
a similar procedure, we obtained all above new relations in
complete presentation of MB.. Hence the proof is omitted.

O

As defined above, A denotes the set of canonical words

and BY' the set of reducible words in MB,_; in general. In

5)

particular, Béi:kl:mn:pq;m, where 1<i<3 denote the set of

reducible words starting with as;a;; and ending on a,,. In
this notation a,,is a generator in MB: 3 <d <5, pq denotes
the canonical word (possibly empty) in MB,_; starting with
a, mn denotes the canonical word (possibly empty) in
MB,_, starting with a,,,, and kI denotes the canonical word
(possibly empty) in MB,_; starting with a;;. We will denote
the empty word by ¢. We denote the set all reducible words

starting with a4, and ending on a,, by BS)kHS . Hence,

(5) ; (5)
BSi:kl:mn:pq;rs is a subset of B5i.kl;r5'

We are using other notions as follows:

(i) We denote the set {a,,,a2,,a,, -} by A

(ii) Al(j”) denotes the set of canonical words starting with
a; in MB,

(iii) ZVAEJ@ denotes the set of all the word in Ag‘) such
that the index of each generator is increased by r.
Hence, |ZrA£;)| = |A1(-;) |, i.e., the cardinality remains
unchanged. In particular for the set A§21> ={a,, a3,

2
a3, }, we have ZAgl) ={ay, a3y, a3y}

(iv) AEZ,')kl denotes the set of canonical words starting

with a,,;a;; in MB,

(v) The growth series of B, A" and MB; is denoted
by Q), P and P} (¢), respectively

Note that growth series of Agzl) is Pfl) =t/(1-1t).

Proposition 6. The following equalities hold for the reducible
words in MB;:

Q= .
512131 = 75
Q9 —_F
512141 = T 5
9, —_*t
51.21;42 (1- t)2 >
Q¥ -t
512143 = 740
Q(5) _ £ -2t
512151 = 757 4 502°

t4(2— 6t + 5t°

Q<§)21' 2= T 2. a2
ST (102 (1- 2t)?

t3(1 —3t+ 3t2)

Q(i)ZI' N
AT (1— )2 (1-21)

Q¥ -t
512154 = 7 577
Q. -t
513141 = T 5
Q<5) _ B
51351~ 7574 5¢2°
Q. - _*t
5131552 (- t)2 >



Q. = tt
51.31;53 (1 _ t)(l _ Zt) >
Q¥ - t’
SL3L54 ™ T 500
£(1-2t)

Q51.41;51 = 1—5t45¢2°

3
Q. = t
523141 = T op°

3
Q523151 = 1-5t+52°

) t!
52,3152 = 7(1 —t)z’

4

®) t
Q52431;53 - (1 _ t)(l —Zt) >

t3

Qsz3154 = 12

t3
Q52.32;42 - 1— t’

#
Qs2.3251 = 1—5t+52°
5 _r(I-3t+30)
52.3252 7(1 “0(1 —2t)2’

Q9. - t!

52.32;53 (1 _ t)(l _ Zt) >
£

Q52.32;54 - ﬁ’

) B t3(1 - 2t)
524151 = 7511 542
3
Q¥ - £
5242527 T op
5) _ t3(1 - 2t)
534151 = T 574 512

3
Q0 - "
5342527 T 51

5 £
Qg3?43;53 =177 (19)

Proof. Using simple decomposition of words and | | denotes
the disjoint union of sets then, we have

i 5 5 n 2
(1) Since 321).21;31 = Bé1?21;31 ={agay,a5, } = {a5} xAgl)
x {as; }, hence , Qgsl)ﬂm = (/1 -1

Advances in Mathematical Physics

2) Bgsl)zl 41 = Bg)ZI ¢41|_]Bgsl)21 32141
={as,a3,a4 {“51‘121“32V(32)a41}E )3
=[{as} x A21 x{ag HU{as } x As7 x Azy x {ay }]
implies Q51'21;41 =13/(1-2t)
2
3) Bz(;si).zl;42 = 3251221:32;42 ={as,a3, 050} = {as, } x Ag1>
X ZA§21> x {ay,} implies Qt(s?.zl;zxz =tt(1-1t)?
Using similar procedure, we obtained all above Q°
MB;. Hence, the proof is omitted. O

Next, we construct linear system for canonical form in
MB..

Proposition 7. The following equalities hold for the canonical
words in MBs:

4
(5) t (5)
Py = 1 P,
2 (1—t)(1—5t+5t2)< +; 5’)

4
5) 6)

pY) = 1 PY Y,
31 5t+5t2< +; 5‘>
5 _ - 15)

Py = 1+ P,
2 5t+5t2 < ; > >
() _ - 15)

P/ = 1+ P,
4 5t+5t2 < ; 5 )

2 4
(5) t-t (5)

P, = 1+ Pz,
2T 5t+ 582 < ; 5 )

po_ ta=20 ip@
B I-5t+ 5t rer i

4
5 5 5
Péz) =t+ tpgz) + ZP(SI).iI’

i—2

2 2 2
5 5 5 5
sz>=t+tngi)+ Zpgzgz* ngz)m"
i=1 i=1 i=1
3 —t+tZP5l + ZP53417

4
PS)=t+t) P,

i=1
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t2
I1-t

5 t 5 # 5
Pé1) - Pgu) - PE}Z)

1-2t (1-t)°
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Proof. We compute the growth series inductively. By using
decomposition of words, we have

(1) AR = AP IAY x (AGLIAS LA IAD)]
P = t/((1-£)(1 -5t +52))(1+ Y4, PLY)

(2) Agsl =A(4)|_|[ A3 X( 51 |_|A52 |_|A |_|A
gl> =1/(1 -5t +5)(1+ Zi:lPSi )
(3) AY = AP AL x (A UAS AL LIAS))] implies
P =1/(1-5t+52)(1+ 3" PY)

gives

)] implies
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P =(t(1 —2t))/(1 —5t+52)(1+ Y4 PY)

The set Ag) consists of all the words starting with the

generator a;. Therefore, the set {as;} x A2, is subset of Ag':-’)

consisting of all the words starting with aZ,. We apply this
concept in the proof of items (7), (8), (9), and (10).
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Theorem 8. The Hilbert series of the braid monoid MBs in
band generators is given by

1
(I-t)(1-2t)(1-7t+7t%)

P (1) = (25)

Proof. Solving the system of linear equations constructed in
Proposition 7, we get

¥ _ t
(- -20(1-7t+782)°
o) _ t
(-2t (1 -7t +782)’
o _ t
2 (-2t (1 -7t +782)’
t
P _ ’
- Tt+ 782
(5) t
Py =,
2= Tt+ 782
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2 1=Tt+ 712
P(5)= t—12
B 1=Tt+ 712
) t —5¢% + 5¢3
(1 -2)(1 -7t +782)

Therefore, the Hilbert series of the braid monoid MBj; is
given by

2 3 4
PY(t)=1+P + Y P+ Y P+ Y pY)
i=1 i=1 i=1
~ 1
C(1-H(1-26)(1-7t+782)"

(27)

O

Remark 9. By partial fractions of growth series of MB. we
have 1/((1-t)(1-2t)(1-7t+7t*))=—(1/(1-t)) — (8/(3(
1-2t))) = (7/(3(1 = (7 = V/21)12)t))) + (7/(3(1 = ((7 +

V/21)/2)t))). The only term that contributes in approxima-
((7++/21)/2)t)) and 7/(3(1 -

tion of the series is 7/(3(1 —

(7 +V21)12)8)) = (713) (1 + ((7 + V21)12)t +
(7 + \/2_1)/2)2t2+~-). Therefore, the growth function is

ais) =(713)((7 + \/ﬁ)/Z)k, and hence, the growth rate of M
B, is (7 +1/21)/2 (approximately equal to 5.791).
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4. Conclusion

From band presentation of braid monoid MB; we solve all
the ambiguities and get new and more interesting relations

Rgﬁ) to Réi) which are given in Proposition 5. When no more
ambiguity is remaining to be solved, then these new relations
with the basics relations are complete presentation of braid
monoid MB; in band generators. The words on the left-
hand side of these new relations are reducible words, and
the words on the right-hand side are canonical words. In

Proposition 6, we partially find the growth series (Q\®)) of
reducible words. We also construct a linear system for
canonical words. The most important outcome of our work
is the growth series of braid monoid MB; in band generators
which is given in Theorem 8. These results are very interest-
ing and useful for mathematicians. Using these results, one
can find the growth series of higher order braid monoids
and can generalize the results for MB,,.
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