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Abstract

In this paper, we define split quaternions with components including Pell and Pell-Lucas number sequences.
By using Binet’s formulas and Cayley-Dickson’s notation we introduce a new polar representation for split
quaternions. This alternative representation, based on two complex number sequences, provides a new
perspective on the structure of Pell and Pell-Lucas split quaternions and give a deeper understanding of their
geometric interpretations and transformations. Furthermore, some fundamental properties and identities for
these type of Pell and Pell-Lucas split quaternions are studied. In further the current paper, it would be
valuable to replicate similar approaches polar representationin with Pell and Pell-Lucas Split quaternions.
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1 Introduction

W. R. Hamilton [1] initiated the study of the quaternions an extension to the complex number in 1843. They
have many applications in mathematics, physics, computer graphics, and engineering. Hamilton first introduced
quaternions in 1843 as a way to represent rotations in three-dimensional space, and since then, they have become
an important tool in many fields. One advantage of quaternions over other methods of representing rota tions
is their ability to avoid the problem of gimbal lock, which can occur when using Euler angles. Quaternions also
have a relatively simple algebraic structure and can be efficiently implemented in computer algorithms. In recent
years, quaternions have been used in the development of virtual reality systems and computer games, where
they are used to represent orientations of objects in three-dimensional space. They have also been applied in
robotics, control theory, and signal processing. Overall, quaternions have become a valuable tool in many areas
of mathematics and engineering, and their use continues to expand [2,3]. Sangwine and Bihan [4] introduced
a quaternion polar representation that draws inspiration from the Cayley-Dickson form. In their formulation,
they express quaternions using a complex modulus and argu ment. The Cayley-Dickson construction is a
mathematical procedure that extends the concept of complex numbers to higher dimensions, paving the way
for the development of quaternions. On the other hand, the complex argument represents the direction or
orientation of the quaternion in a manner analogous to the argument of a complex number. This approach
provides a concise and insightful way to represent quaternions, offering a geometric interpretation that aligns
with the principles of complex analysis.

In 1849, Cockle [5] defined split quaternions by utilizing real quaternions. The multiplication rules for split
quaternions differ in the vector part due to their association with Minkowski space, as opposed to the Euclidean
3-space associated with real quaternions. This distinction makes split quaternions particularly relevant in the
context of theories involving spacetime, such as special relativity. It is known that split quaternions are effective
for rotating vectors in [6-8], whereas real quaternions are efficient for rotating vectors in [9].

A split quaternion [10-12] is defined as the following quadruple
Y = Yo + Y1%1 + Y2t2 + Y3i3
with v0—3 € R and quatenionic units i1, i3, i3 satisfy
2 2 .2

il = —iQ = —13 = —1, ilig = —i2i1 = i3 (1.1)

and can be shown as v = S, + V,, v with S, = 0 is a pure split quaternion. Let v and ¢ be split quaternions,
then addition and multiplication are

y+6=(Sy+Ss)+ (V5 + Vs)
76 = SySs5 + (Vy, Vs) + S, Vs + SsVs + Vo x Vs

respectively, where ( ,) and X are inner and cross products in Minkowsky space E2. The conjugate and norm of
¥ =0 + Y111 + Y212 + y3i3 are respectively as

Y =70 — 71t — Y2i2 — Y313

and

= VT =1+ =28 =31 = VIE] (12)

If || = 1, then 7 is a unit split quaternion, for any split quaternion  with |y| # 0, H%\I is a unit split quaternion.
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The split quaternion < is space-like, time-like and light-like if Z, < 0, Z,, > 0 and Z, = 0 respectively and

Iy =%+% — 7 — 73 =Is, +Iv, (1.3)

where Zs, = v¢ and v, = v? —~% — 42. The multiplicative inverse of v is v~ ! = % and there is no inverse

for light-like split quaternion. The Cayley-Dickson’s form of a split quaternion - is
v = (Yo + v1i1) + (y2 + y3i1)i2
which is based on two complex numbers.
Classify the polar representation according to the given the split quaternion « and vector part, respectively.

1. The polar representation for spacelike quaternion can be written in the form

% = 7| (sinh 6 + pcosh ) (1.4)
~ —E+v3+93 i1 ty2intaasia ; ;
where sinh ¢ = 2%, cosh¢ = Y¥—L1—2—2 and p = PALI222 0033 g g gpacelike unit vector.
I Bl V=342

2. The polar representation for timelike v with spacelike vector part (Iyv, < 0 for

Vo, = 7111 + 212 + 7313 vector part of 7 ) can be written in the form

v = || (cosh ¢ + psinh ¢) (1.5)

cosh = 29 and g = 2riatyeiatogis
’ ¢ N () a 33

VR332

where sinh ¢ = El

is a spacelike unit vector.

3. The polar representation for timelike v with timelike vector part can be written as
v = |yl (cos ¢ + pusin @)

2 2 2 . . .
V-3 . . . .
Y12 38 \’le S, cos¢ = —m and pu = 7A’17‘1'*;A’27‘22+A’327‘3 is a unit pure split quaternion. Indeed, a
37232

unit timelike quaternion  with a timelike vector part represents a rotation of a three-dimensional non-lightlike
Lorentzian vector by an angle 2¢ about the axis defined by «y. This rotation operation is similar to the one
described earlier with the unit timelike quaternion + having a spacelike vector part. However, in this case, the
axis of rotation is determined by the direction of the timelike vector part of ~.

where sin¢g =

4. If v is a lightlike split quaternion, then
y=1+p.

Here, 7 is a lightlike (null) split vector. [9,13]. Any Split quaternion can be written in the form
v = AePiz

where A = Ag+ A141 and B = Az + Asziq are complex numbers, [4,10]. For detailed information about the matrix
notation of rotation and its relationship with quaternionic representations, we refer the reader to reference [6],
as well as references [7] and [8]. These sources provide comprehensive explanations and discussions regarding
the mathematical foundations and practical applications of quaternionic rotations in Lorentzian geometry.

In the literature, sequences of integers have an important place. The most famous of these sequences have been
demonstrated in several areas of mathematics. The Pell P,, and Pell-Lucas @), number sequences are defined by

Pn:2Pn_1+Pn_27 PO:07P1:1,71,22
Qn =2Qn-1+ Qn-2, Qo=0Q1=2,n>2
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The characteristic equation of these number sequences is 2> —2z—2 = 0, with roots @ = 1++v/2 and 8 = 1—v/2.The
Binet’s forms of these sequences are

an_ﬁn
a—p

For more details and relations about these number sequences see [14-21].

P, = and Q, =a" + (" (1.6)

2 Pell and Pell-Lucas Split Quaternions

In this section, we will give Pell and Pell-Lucas split quaternions and their fundemental identities.. The Pell
and Pell-Lucas split quaternions are defined as

Prn = Ppn + Pny1i1 + Ppyaio + Prysis (2.1)

On = Qn + Quy1i1 + Qni2iz + Qni3is (2.2)
respectively, where P, and @, are Pell and Pell-Lucas numbers and 41,42, i3 follow the rules in (1.1). From
definition, the following recurrence relation can be prove easily

Prn=2Pn_1+4+Pn_2,n>2

and
Qn = 2anl + Qn727 n Z 2

Theorem 2.1. The Binet’s formulas for Pell and Pell-Lucas split quaternions are

a"a—pg"
P, = ;ﬂg and Q, =a"a+ "B (2.3)
a—p =
respectively, where
a=1+aii+a%+a’s and B=1+ By + iz + B (2.4)

Proof. The proof can be done directly by using definition and Binet’s formulas for Pell and Pell-Lucas sequences.

O
Theorem 2.2 (Vajda’s identities). For positive integers m,n and r with n > m >r > 1, we have
,P 7) _ ,P ,P _ P?" (a'ILB"L*T'ﬂa _ a’"L*T'/Bnaﬁ)
m/l n m—r/ ntr \/g re ap
Qan - Qm—rQn+r - \/gpr(am_rﬁngé - anﬁm_rég)
where P, is n*® Pell number and
aB = Qo +2v2(i1 — 2i2 +i3) and Ba = Qo — 2v/2(i1 — 2z + i3) (2.5)

10
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Proof. Using (9), (10) and Binet’s formula, we have

(a"a—p"p) ("a —£"8)

(a" "= 5"75) (72— 575)

(—aB a™B" = Ba fMa" +af "M 4 fa fTT AT
:i(a”ﬂmﬁga " _gpam "O‘T‘BT)

= _afa
v N
By using (2.3), (2.4) and (2.5), the proof for Pell-Lucas can be done similarly. O

Pmpn - Pm—rpn+r =

0| = O~ 0|~

Corollary 2.3. For m = n in theorem 2.2 we get the Catalan’s identities

Prs Prasy — P2 = %(—1)% Ba — B af)

anrQnJﬁ'r - Q?L = \/§PT(71)n(5 géi o ﬁg)

For m =n and r =1 we get the Cassini’s identities

Pr—1Pnt1 — Pa = (_7\/15(04 Ba — B ap)

Qn-1Qn11 — Qp = V8(—-1)"(8 af —a Ba)

Form=mn,m=n+1 andr =1, we get the d’Ocagne’s identities
1 m n n om
Pn+1Pm - Pan+1 = ﬁ(a /3 ﬁg -« ﬁ gﬁ)

Qn+1 Qm - Qan+l = \/g(anﬂm Qg - amﬁnég)

3 The Different Polar Representation of Pell and Pell-Lucas
Split Quaternions

In this section, we aim to demonstrate that every Pell and Pell-Lucas split quaternion possesses a polar form,
in addition to the classical form mentioned. This polar form provides an alternative representation of Pell
and Pell-Lucas split quaternions, offering insights into their geometric and algebraic properties. Indeed, the
concept of constructing a polar form for Pell and Pell-Lucas split quaternions using two complex numbers, and
then applying a specific operation (multiplying the second complex number by i2) bears resemblance to the
Cayley-Dickson construction. However, there are notable distinctions between this approach and the traditional
Cayley-Dickson method.

Proposition 3.1. The norm of Pell and Pell-Lucas split quaternions is

N(Pr) = v/2Q2n+3
N(Qn) - 4\/ Q2n+3

where Qy, s n** Pell-Lucas number.

11
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Proof. From definition of norm for split quaternion, we have

N(Pn):\/|P7%+P3+1*P3+2*P5+3‘

and by using Binet’s formula

n n\ 2 n+1 n+1\ 2 n+2 n+2\ 2 n+3 3 2
2 2 52 p2 _ (a" =" @ il - (2 =5 (T
Py + Py — Pogo P”J“?’_(afﬂ) +< a-p ) ( a—p ) ( «—B

from using af = —1 and a — 8 = 2v/2 we get

1
P3+P3+1 —Pg-‘-z —P3+3 =3 (Ozzn(loc2 —at —a6)+ﬂ2"(1+52—54—66))

Because a and 3 are roots of 2 — 2z — 1 = 0, then
1

P+ Pl —Plo—Pily= 3 (o™ (—80a — 32) + " (—808 — 32))

— _1O(a2n+1 +62n+1) _ 4(a2n +/82n)
—10Q2n41 — 4Q2n
= —2Q2n+3

Then the result is clear, the proof for Pell-Lucas is similarly. O

Corollary 3.2. The Pell and Pell-Lucas split quaternions are spacelike split quaternions with spacelike vector
part.

Theorem 3.3. The classical polar representation of Pell split quaternion is

Pr = v/2Q2n+3(sinh ® + p cosh D)

Py y1(91+2i2+5i3)+Pp (i2+243)
VQ2n46+2Q2n43—2(—1)™

® = tanh ! V8P,
VQ2n+6 + 2Qa2n+s — 2(=1)"

where u = is a pure unit split quaternion and

Proof. Since P, is a spacelike split quaternion, then by using (1.4), the polar representation is
Pr = N(Pyp)(sinh ® + p cosh @)
where

_ Pyt + Pryols + Prysis
V=P + P2+ Pl

P,
inh ® =
St N(P,)

|Pr%+1 - P’r%+2 - P7%+3|
cosh® = \/

N(Pn)

12
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therefore tanh & = > Lt L — and we get
—Pr TP ot Pr g

_ Pnya(in + 2ia + 5iz) + P (2 + 2i3)
\/Q2n+6 +2Q2n+3 — 2(—1)"

and

® = tanh ™! V8P,
\/Q2n+6 +2Q2n43 — 2(—1)"

O
Corollary 3.4. The classical polar representation of Pell-Lucas split quaternion is
Qn = 4v/Q2n+3(sinh @ + p cosh @)
where u = Q”\;g;:if:;;iii;if:;iw) is a pure unit split quaternion and
® = tanh ™" On
\/Q2n+6 + 2Q2n+3 + 2(—1)7
Proof. The Proof is similar to Theorem (3.3). O

Proposition 3.5. Let D = Aix + Bis = (A + Bii)iz be an arbitrary split quaternion, for spacelike D, the
exponential form is

e” =sinh |D| + A cosh |Dliz + B cosh |Dl|iz = ao + a2i2 + agis

D] D]
and for timelike D, then
D A . B ) ) .
e~ =cosh|D| + D] sinh |D|i2 + 7] sinh |Dliz = Bo + B2i2 + B3is

That is, it is a split quaternions with no i1’s term.

Proof. Suppose p is a spacelike unit split quaternion, that is N(u) = 1, then from (1.4) we have
e"’ = sinh 6 + pcosh

if we rewrite D = |D\%, then by taking pu = \%I and 0 = |D| we get the result, we can prove similarly for

timelike D by using 1.5. O

Now we give the new polar representations for Pell and Pell-Lucas split quaternions by using Cayley-Dikson’s
form.

13
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Theorem_ 3.6. Fvery Pell split quaterninon Pn, = P, + Pny1i1 + Pny2ia + Pa43is can be given in the form
P, = AeB2 | where A and B are complex numbers, that is

A _ 2(Pn + Pn+1i1)
VQ2nt1 + Q2n

B— Q2n+3 + Qany2 — 8(—1)"41 tanh—! \/W
V(Q2n11 + Q20)(Q2n+5 + Q2nta) Q2n+5 + Q2nta

Proof. Suppose that A = a + bi; and B2 = qp + agis + asis, then

P, = Ae® = aag + bagis + (a2 — bag)iz + (acs + baz)is

if ap = 0, then we can select a = 1 and b = 0, we will get A = 1. For ap # 0, we construct a complex number

v = aao + bagiy = P, + Phy141 and then A = ﬁ, by using (2.1) the explicit form of A is

A _ 2(Pn + Pn+1ll) |7Dn|
VQ2n+1 + Q2n

2(Pn_Pn+1i1)

VQ2n+1+Q2n

(Pﬁ + P21+ (PaPaga + Pos1Pags)ia + (PuPags — Pry1Pny2)is)

Since A is a unit complex number then A™! = A4 = |Pn|, where A is conjugate of A and

2
VQant1 + Q2n

and the norm of e?% is

P2 = AP, =

. 2
le"2] = m\/(ﬂg + P2 1) = (PaPoy2+ Pny1Pny3)? — (PaPats — Poy1Poya)?

:\/P5+2+P3+3_P3_P3+1

. Big . . . . . . . .
Since \;371'2\ is a unit spacelike split quaternion, then its classical polar form is

eBig
W = 51nh9 + ,U/COSho
e~ 12

then we can write

VPR P
sinh 0 =
VPha+ Pra— P2 = P2y
. /P2t Plis
cosh =
\/P3+2+P3+3*P3*P3+1
(PnPn+2 + Pn+1Pn+3)i2 + (PnPn+3 - Pn+1Pn+2)i3
V(P2 + P2 (P2 + P2is)

VPP
tanh = ——
VPt Pl

which gives

14
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From Bis = pf we get

N / p2 2
(P7LP7L+2 + P7L+1Pn+3 + (PnP7L+3 - Pn+1P7L+2)Zl)7/2 tanh71 Pn + P"+1

\/(P3+P5+1)(P3+2+P5+3) \/m

The explicit form of B can be write easily.

Bis =

O

Corollary 3.7. ' Every Pell-Lucas split quaterninon Q, = Qn + Qn+1t1 + Qni2i2 + Qnisis can be given in the
form Q, = AeP® where A and B are complex numbers, that is

A _ Qn + Qn«klil
VQ2nt2 + Q2n

B— Qan+4 + Q2nt2 + 16(—1)"i1 tanh—" | Qan+2 + Q2n
= anh —_—
\/(Q2n+2 + Q2n)(Q2n+6 + Q2nta) Q2nt6 + Q2nta

Proof. The proof can be done similar to Theorem (3.6). O

Example 3.8. Find the new polar representation for P1 = 1+ 2i1 + 5ia + 12i3 and
Qo = 2 + 2iy + 6io + 1443.

We have Py = AeBiz, where

_ 2(Pn+ Ppyaia)

A=
VQ2ni1 + Qan
1+ 20

V5

SIS ey
V(@zni1 + Q20)(Q2nt5 + Qanta) Qants + Q2nta
@54 Qat8h (\/@)
V(@3 + Q2)(Q7 + Qo) Q7+ Qe
= M tanh~* (§>
13v/5 13

and

4 Conclusions

In this paper, we give the Pell and Pell-Lucas split quaternions and obtain some fundamental identities. After
that we introduce a new class of quaternions known as Pell and Pell-Lucas split quaternions. Our work is mainly
concerned with polar representations of Pell and Pell-Lucas split quaternions similar to the real quaternions.
An arbitrary Pell and Pell-Lucas split quaternion has been used to compute the argument and modulus for this.
In further the current paper, it would be valuable to replicate similar approaches in dual split quaternions with
Pell and Pell-Lucas number sequences.

15
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