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Abstract

Let X be a Banach space, and E C X be a non-empty closed bounded subset of X. The set E is
called proximinal in X if forallz € X thereis somee € E suchthat |z —e|| = inf{||z —y|| : y € E}.
E is called remotal in X if for all z € X, there exists e € E such that ||z — e|| = sup{|jz — y|| :
y € E}. The concept of strong proximinality is well known by now in the literature, and many results
were obtained. In this paper we introduce the concept of strong remotality of sets. Many results are

presented.
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1 Introduction

Let X be a Banach space, and E C X be a non-empty closed bounded subset of X.For z € X, we
let D(z, E) = sup{||z —e|| : e € E}, and d(z, E) = inf{||z — ¢|| : e € E}. The set E is called remotal
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in X if forall z € X there exists some e € E such that D(z, E) = ||z — ¢]|. If e is unique then E
is called uniquely remotal. The set E is called proximinal if for all x € X there exists some 6 € E
such that d(z, F) = ||z — 0|| .Proximinal sets have its applications in many branches of science, while
remotal sets have its applications in geometry of Banach spaces. So much work has been done on
proximinal sets. However remotality in Banach spaces is still in its early stages. One of the main
open problems in remotality theory is "Must every uniquely remotal set in a Banach space X be
a singleton”. This conjecture has been open for more than 40 years. Many papers studying such
conjecture has been published. It is known that this conjecture is equivalent to the conjecture "Every
uniquely proximinal set in a Hilbert space is convex”. This paper deals with this conjecture. We refer
to [1,2], and [3] for results on this conjecture.

Through out this paper, X, is a Banach spaces. The closed unit ball of X is denoted by B;[X],
and the dual of X is denoted by X*. The Banach space of p—integrable functions(equivalence
classes) from the compact interval I C R into the Banach space X is denoted by L?(I, X), where R
is the set of real numbers. For a non-empty set E C X, welet LP(I,E) = {f € L?(I,X) : f(t) € E
a.e.t}. We refer to [1,2,4], and [3] for general results on remotal sets.

1.1 Remotality and summands
Definition 1.1. Let X be a Banach space. Consider the following functions:

(i) ¢ :[0,00) — [0,00) such that ¢ (z) is strictly increasing, ¢ (0) = 0. Let M denote the class of
all such functions .

(i) ¥ : X — (0,00) such that « (x) is increasing, in the sense ||z|| < ||y|| implies ¥ (z) < ¥ (y).
Let N denote the class of all such functions .

Now, let Y be a closed subspace of the Banach space X, ¢ € M, and ¢ € N. The subspace Y
is called (¢,1)— summand in X if there is a closed subspace W C X suchthat X =Y & W , and
wheneverz € X withz =y +w,yeY andw € W,we have o(|| z ||) = o(|| v ||) + L) (|| w ).

Remark 1.2. If p(t) =t?,1 < p < oo,and ¢ (z) = 1 for all z € X, then (y,4)— summand
subspaces in L?(I, X) are the p—summand subspaces.

Theorem 1.3. LetY be a (y,4)— summand subspace of a Banach space X. Then B1[Y] is
remotal in X.

Proof. Suppose that X =Y @ W so that x = y + w. This implies that

e(llzl) = e(llyl) + v @)e(lwl)

Here 2 € X,y € Y and w € W. Let y be a farthest element in B;[Y] from y. This element exists
since B;1[Y] is remotal in Y. Then,

el =yl) =e(lly =y +wl))
=e(lly —9ll) + ¥y — De(llwl])

Since ¢ is increasing and ||y — ]| > ||y — z|| Vz € B1[Y], we get

e(lz =gl >e(lly — 2I) + ¥y — 2)e(wll)  Vz e Bi[Y],
=o(lly +w — 2])), Vz € Bi[Y]
=p(|lz — z)) Vz € Bi[Y].

Then ||z — || > ||z — z|| Vz € B1[Y], since ¢ is strictly increasing.
Consequently, 7 is the farthest element in B1[Y] from z = y + w. O
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As a consequence of Theorem 1.3 and Remark 1.2, we have:

Corollary 1.4. The unit ball of every p-summand subspace of any Banach space is remotal.

2 Strong Remotality

Strong proximinality was defined in many ways, in many papers. We refer to [5], and the references
there in for such concept. In this section we introduce the concept of strong remotality in Banach
spaces. We did get some results concerning strong proximinality.

The main result is ” Every strongly remotal set is a singleton”.

Throughout the paper, we don’t need to assume the convexity of the set £, which we want to
study its strong remotality in X. However using results in [6], we can assume the convexity of the set
FE.

Definition 2.1. Let £ be a non-empty closed convex bounded set of the Banach space X. F
is called strongly remotal in X if there exist ¢ € M and ¢ € N with inf ¢)(y) > 0 such that for all
x € X there exists some y € FE such that, forall z € E,

ellz =yl = ellz =zl + ¥ (y) elly — 2.
An equivalent form of strong remotality is:

Proposition 2.2. Let F be a non-empty closed convex set of the Banach space X. Then the
following are equivalent.

(i) Eis strongly remotal set in X with the associated functions ¢ and .

(i) Forevery z € X there exists y € E for which

[l =yl - bz — 2] }
f : E .
m{ olly 2 2 €B\y} >0

ollz — yll — olle — 2|
olly — 2|l
pllz —yll = ¢l — 2l =+ (y) ¢lly — =|I.

Hence, E is strongly remotal in X.
Conversely, (i) — (i¢). Let E be strongly remotal in X. Hence, there exist two functions ¢ and
such that

Proof. (ii) — (3) : Let inf{ | iz eE\{y}} = e> 0. Then define e = ¥(y), so

pllz =yl = el — 2l + ¥ (y) lly — =||

Thus, 211 ’gji'y’_i‘:f — 2 S () forall 2 G\{y}. Butinf o () > 0, s0

- ollz—yll — ollz — 2] }
inf z€E\{y}, > 0.
(= Mo

O
Theorem 2.3. Let E be a strongly remotal subset of X with associated maps ¢ and+. Then E

is uniquely remotal.
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Proof. Let x € X be arbitrary. Then from Definition 2.1 there exists y € F such that, for all z € FE,
we have:
ellz —yll = ollz — 2l + 4 () elly — 2|
Since ¥ (y) > 0 and ¢ (r) > 0 for r > 0, we get

ellz —yll > ollz — 2|, Vo z(#y) € E.
But ¢ is strictly increasing. It follows that
lz =yl > llz — 2|, Va(#y) € E.
Hence, y is the only farthest point from z, and E is uniquely remotal. O

Now, for a non-empty closed convex set £ C X, we let P(E) denote the power set of E. The
map F(.,E) : X — P(E), defined by F(z,E) = {e € E : |lx — e|| = D(z, E)} is called the metric
projection associated with E. If E is uniquely remotal the map F(z, E) is a function, and we write
F(z) for F(z, E). In general, F(z) need not be continuous.

The next result states that the farthest point map F(z) is continuous for strongly remotal sets in
normed spaces.

Theorem 2.4. Let E be a non-empty strongly remotal subset of X with associated maps ¢ and
. Then themap F : X — E, F(z) = F(x, E) is continuous at each x for whichr = D(z,FE) is a
point of continuity of ¢.

Proof. Since ¢ is strictly increasing, ¢ is continuous on [0,00) except on a set E of Lebesgue
measure zero. Let x € X such that D(z, E) = r is a point of continuity of . Let (z,) be a sequence
in X such that z,, — =z, and D(x,, E) = r,. We claim that F' (z,,) — F (z) . Now, since E is strongly
remotal, then we have

plle = F(z) | = ellz — 2l + ¢ (2) ol F () — 2|
forall z € E. Take z, = F (z,). Hence,

pllz = F @)]| 2 ¢llz = F (@) | + 9 (1) 9| F (&) = F () || foralln.

This implies
wWW@—F@MHSwaﬂMW—FWW—ﬂW—F@UM
But |z — F (z) || = r. Then
1
Al (2) = F @) | < 55l 0(r) = pllo = F (@] (2.1)

Now,

[an — F(@)|| < llen — F(zn)|| < l#n — 2+ 2 — F(z,)]| < [lzn — 2] + [z = Fzn)] -

Hence, taking the limits, we get

le — F(2)] < lim [z — F(x,)]]. 2.2)

Now,
[z = F(za)|l < |2 = 2n 4+ 20 — F(zn)|| < |2 — 2ol + |20 — F(za)]l-

Hence, by taking limits we get

lim ||z — F(zn)|| < lim||zn — F(zs)]| .
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But, since z,, — z, then see [4], D(zn, E) — D(z, E). Thus, lim ||z, — F(z,)|| = ||z — F(2)]|.
This implies
lim ||z — F(zn)|| < ||z — F(x)] . (2.3)
It follows from (2.2) and (2.3), ||z — F(z)|| = lim ||z — F(z»)]| -
Equation (2.1) gives
1

lim || F () — F (zn) || < W[MIHE*F(QJ) | = lim e[z — F (xn) [|].

But ¢ is continuous at . Hence lim ¢||F (z) — F (z») || = 0. Since ¢ is strictly increasing and
»(0) = 0, it follows that lim || F (z) — F (z») || = 0.
This ends the proof of the theorem. O

Now, we have

Corollary 2.5. If ¢ is continuous on [0, oo),then the function F(z) is continuous on X.

LetC (I,X),L? (I,X),L*> (I, X) be the classical vector valued continuous, Lebesgue p-integrable,
and essentially bounded functions defined on the compact interval I, with values in the Banach space
X. As a consequence of Theorem 2.4, we have the following:

Theorem 2.6. Let E be a strongly remotal subset of the Banach space X, with continuous .
Then

1. C(I,E)isremotalinC (I,X).
2. L? (1,E) isremotal in L? (I,X).

3. L* (I,E) is remotal in L*° (I, X).

Proof. (1) Let f e C(I,X)then f(t) € XVt € I. Since E is strongly remotal, then by Theorem
2.4, the function F'(x) is continuous on X with values in E.

Then F o f € C (I, E) since it is the composition of continuous functions. But, F o f (¢) is the
farthest point from f (¢) in E. Now,
If = Fo flleo =supllf () — Fo f ()l
zsup|[f (t) —g (1) [, Vo(t) € .
:Hf - gHOOv v.g € C(IaE) .

Hence ||/ = gllc <I[If = F o flloo.
So, C (I,E)isremotalin C (I,X),and Fo f € F(f,C (I, E)).

(2) Let f e LP(1,X). Then f (t) € X. Therefore, F o f € LP (I, E), since F is continuous and £
is a bounded set such that F' o f () is the farthest point from f (¢) in E. Now,

7= Foslp=[1f®-Forwlra
I

> / 17 (5) — g (£) |7, ¥a(t) € E.
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Hence, [|f — gl < [If = F o fllp-
So, L? (I, E) isremotal in L? (I,X),and Fo f € F (f,L? (I, E)).
(3) Let f € L*™°(I,X). Then f (t) € X.
Then F o f € L* (I,G), since F is continuous and E is a bounded set such that F o f (t)is
the farthest point from f (¢) in E. Now,

If = F o flloo = esssup|[f (£) — Fo f ()]
=z esssup|[f (t) —g (1) |, Yo(t) € .
= ||f_gH007 v.g € LOO (IvE)

Hence [|f — glloc < [If = F o flloo-
So, L*° (I, E) is remotal in L*° (I, X).
O

Corollary 2.7. Let X be a Banach space and E be a closed bounded subset of X. Then, for
1< p < oo, wehave g c LT (I, E) is the farthest point from f € L¥ (I, X) if and only if, for almost all
t €1, g (t) is the farthest point in E from f (t).

Theorem 2.8. Suppose that L7 (I, E) is strongly remotal in L” (I, X) for some 1 < p < oo,
where E is a non-empty closed bounded subset of a Banach space X. Then E itself is strongly
remotal in X.

Proof. Letz € X be arbitrary, and define f (t) = =. Then, being a constant function, f € L7 (I, X).
Therefore, there exists g € L¥ (I, E) and two functions ) and ¢ such that

llf = gllo = @llf = hllp + % (9) ellg — hll, forall h € L7 (1, E).

By Corollary 2.7 ||f (t) —g (t) || > ||f (t) —h (t) ||, Ve € E, for almost all ¢ € I. Since f is the constant
function z, then g is a constant function say, g(¢) = y. Hence

ollz — yllp > ¢llz — hlly + ¢ () lly — hllp forall h € LY (1, E).

Choosing h to be the constant function h(t) = z, then, |z — y|| > ¢llx — || + ¢ (y) ¢|ly — z]| for all
z e b. O

As for the classical sequence spaces we have the following results
Theorem 2.9. Let E be a finite set in a Banach space X. Then ¢?(E) is remotal in ¢7(X) if and
only if E = {0}.

Proof. Since E is finite, E is remotal. If E = {0}, then ¢?(E) = {0} is remotal in ¢*(X). If0 # e € E,
theny = (e, e, ¢e,¢e,6,....,€,0,0,0,0....) € (P(E), where e appears in the first n—coordinates.

but the taking = = 0 € £°(X), we have D(xz,f*(E)) > n|le|. Since n is arbitrary, the result
follows. =

One can easily prove:

Theorem 2.10. Let E be a finite set in X that contains 0. Then co(E) is remotal in co(X).

We end this section with the following questions

Problem 1. Every uniquely remotal set in a Banach space X is strongly remotal. An Affirmative
answer to this question solves the classical conjecture mentioned at the beginning of this paper
affirmatively.

Problem 2. If E is strongly remotal in X, must L” (I, E) be strongly remotal in LP(I, X)?
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3 Conclusion

We have proved that every strongly remotal set in a Banach space is a singleton.
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